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Eigenpair extractions are crucial for various applications in geometry pro-

cessing and graphics. State of the Art libraries like ARPACK or Spectra rely

on the implicitly restarted Lanczos iteration to extract eigenpairs efficiently.

However for some large scale problems they lack convergence speed and ro-

bustness. In this paper we present a simple multigrid extension to accelerate

the convergence and robustness of the implicitly restarted Lanczos method,

and we demonstrate the efficiency of our method on a variety of problems

commonly found in geometry processing and graphics.
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1 Introduction

Eigenvalue problems for large sparse symmetric positive definite

(SPD) matrices are ubiquitous in computer graphics and geometry

processing. They arise in applications ranging from shape analysis

and spectral clustering to vibration analysis, surface parameteriza-

tion, spectral descriptors and distances, or surface reconstruction.

In many scenarios, one is interested in computing only a moderate

number of extremal eigenpairs of a discretized differential operator,

rather than a full spectral decomposition. State-of-the-art methods

for large-scale eigenproblems typically rely on Krylov subspace

techniques, such as the Lanczos or Arnoldi iterations [Lanczos 1950;

Parlett 1980], often combined with implicit restarting to control

memory usage and numerical stability [Saad 2011; Sorensen 1992].

These methods are attractive due to their generality and robustness,

but their performance deteriorates rapidly as the problem size grows.

In particular, each iteration requires solving a linear system involv-

ing the underlying SPD operator, and the cost of prefactorization or

repeated backsubstitution becomes prohibitive for high-resolution

meshes or volumetric discretizations.

In contrast, MultiGrid (MG) methods have long been recognized

as optimal solvers for large sparse linear systems arising from elliptic

partial differential equations [Adams and Demmel 1999; Brandt

1973; Hackbusch 1985; Trottenberg et al. 2001]. By exploiting the
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multiscale structure of discretized operators, MG techniques achieve

convergence rates that are largely independent of problem size. As a

result, multiscale ideas are deeply ingrained in geometry processing,

where hierarchical representations are routinely used to accelerate

linear solves, smooth signals, and process geometric data efficiently.

Despite this, the use of MG schemes in large-scale eigenvalue

solvers remains limited. While MG methods are well understood for

linear systems, it is not immediately clear how multiscale informa-

tion can be leveraged effectively for eigenproblems, where the goal

is to extract invariant subspaces rather than solve a single system.

1.1 Related Work

MG methods for geometry processing have been extensively stud-

ied, including intrinsic MG constructions on surfaces [Aksoylu et al.

2005; Liu et al. 2021; Shi et al. 2009;Wiersma et al. 2023] and volumet-

ric grids, as well as algebraic operator-dependent hierarchies [Ruge

and Stüben 1987; Stüben 2001; Vaněk et al. 1996] with implementa-

tion in [Demidov 2020]. These approaches have proven highly effec-

tive for accelerating linear solves in applications such as smoothing,

deformation, and simulation. However, they are typically employed

either as standalone solvers or as preconditioners for Krylov meth-

ods applied to linear systems, rather than for eigenvalue extraction.

On the eigenvalue side, widely used numerical packages imple-

ment the implicitly restarted Lanczos (IRLM) or Arnoldi (IRAM)

methods, which remain the standard tools for computing a small

number of extremal eigenpairs of large sparse matrices [Lehoucq

et al. 1997; Qiu 2021]. These methods are robust and well under-

stood, but they fundamentally operate on a single resolution and

rely on repeated applications of linear solves on the finest level.

Several works have explored reducing the cost of large-scale

eigenvalue computations by exploiting coarse-level information. Hi-

erarchical subspace iteration methods [Nasikun 2022; Nasikun and

Hildebrandt 2022], for example, propagate approximate eigenvectors

across a multilevel hierarchy and have been shown to significantly

reduce the number of iterations, particularly for Laplacian-type op-

erators. However, these approaches typically still rely on accurate

solves or factorizations on the finest level, which can limit their ap-

plicability to more challenging operators. In particular, for problems

involving nontrivial mass matrices or coupled systems arising in

surface reconstruction and elasticity, the cost of a fine-level factoriza-

tion can quickly become prohibitive. Related work has investigated

preserving spectral properties under coarsening, with the goal of

constructing reduced operators whose spectra approximate that of

the original system [Chen et al. 2020; Liu et al. 2019]. While effective

at maintaining spectral fidelity across levels, these approaches are

not designed to yield a generic solver on the fine grid, nor do they di-

rectly integrate into a scalable eigensolver pipeline. Other multilevel

eigenvalue algorithms, such as two-grid or coarse-grid correction

schemes [Morgan and Yang 2018; Yang 2015], explicitly propagate
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Ritz vectors from coarse to fine levels and rely on repeated restarts

to refine the solution. Although these methods can be effective in

certain regimes and may reduce the number of restarts required,

they are conceptually closer to explicitly restarted Krylov methods

and do not fundamentally alter the fine-level computational bot-

tleneck. Overall, existing approaches either employ MGs solely as

an accelerator for linear solves—without modifying the eigenvalue

algorithm itself—or propagate eigenvector information across levels

while retaining expensive fine-level solves. This leaves a gap for

methods that more tightly integrate multilevel structure into the

eigensolver while avoiding costly fine-grid factorizations.

1.2 Contributions

We introduce a MG-accelerated framework for eigen extraction that

directly integrates multiscale ideas into the core of the IRLM.

Our key contribution is a MG-aware Lanczos extension strategy

that prolongates coarse-level Krylov subspaces and tridiagonal fac-

torizations to finer levels, and refines them through warm-started

power steps. This preserves the favorable convergence properties of

IRLM while significantly reducing the cost of fine-level linear solves.

By reusing multiscale spectral information, our method improves

both performance and numerical stability, making more efficient the

eigenvector extraction for large-scale and challenging operators.

2 Background

2.1 Multigrid Methods for Linear Solves

Large-scale geometry processing and physical simulation problems

routinely give rise to sparse linear systems 𝐴𝑥 = 𝑏, where 𝐴 is SPD

and typically originates from the discretization of elliptic partial

differential operators (e.g. Laplace–Beltrami operators, linear elas-

ticity, or diffusion processes). For such systems, classical Krylov

methods such as Conjugate Gradient are attractive due to their low

memory footprint, but their convergence rate deteriorates rapidly

with increasing problem size and mesh resolution.

MG methods address this issue by exploiting a fundamental ob-

servation about the error spectrum of iterative solvers: simple re-

laxation schemes such as Jacobi or Gauss–Seidel eliminate highly-

effectively high-frequency error components, while leaving low-
frequency ones largely untouched. These smooth error modes be-

come oscillatory when viewed on a coarser discretization, where

they can again be efficiently damped. By recursively transferring

the problem across nested levels, MG methods achieve convergence

rates that are essentially independent of the problem size.

MG principle. Given a hierarchy of discretizations indexed from 0

(coarsest) to 𝐿 (finest level), MG solvers (usually) alternate between:

• Smoothing: applying a small number of relaxation steps to

damp high-frequency error components,

• Restriction: transferring the residual to a coarser level,

• Coarse-grid correction: approximately solving the error equa-

tion on the coarse level,

• Prolongation: interpolating it back to the finer level.

The most common realization of this strategy is the V-cycle, but
many other cycles have been studied in the literature (eg, W/F/FMG-

cycles, see Fig. 1) [Chen 2021].

FMGV-cycleF-cycle\-cycle

Fig. 1. Various MG schemes have been studied in the scientific literature,

the V-cycle being prominent in Computer Graphics [Liu et al. 2021; Wiersma

et al. 2023]. We propose in our work an adapted Full-MultiGrid (FMG) cycle

to efficiently extract eigenpairs of a sparse SPD system.

Smoothers. A central component of any MG scheme is the choice

of smoother. Gauss–Seidel or damped Jacobi relaxations are par-

ticularly effective for elliptic operators, as they strongly attenuate

high-frequency error components and are cheap.

Multigrid preconditioners. While MGs can be used as a standalone

solver, it is often most effective to employ them as preconditioners

for Krylov methods: A MG cycle is then applied as an approximate

inverse within each Krylov iteration, giving a preconditioned system

with significantly improved eigenvalue distribution.

This combination preserves the robustness and global conver-

gence properties of Krylov methods, while leveraging the near mesh-

independent convergence behavior of MG schemes. In practice,

MG-preconditioned CG or BiCGSTAB often outperforms either ap-

proach used in isolation, especially for large-scale problems arising

in geometry processing and physical simulation.

2.2 Lanczos Methods for Eigenpair Extraction

We consider the problem of computing the 𝑘 extremal generalized

eigenpairs (𝜆𝑖 , 𝑥𝑖 )𝑖 of a SPD pair (𝐴,𝑀), i.e.,
𝐴𝑥𝑖 = 𝜆𝑖𝑀𝑥𝑖 , (1)

𝑥𝑇𝑖 ·𝑀 · 𝑥 𝑗 =: ⟨𝑥𝑖 , 𝑥 𝑗 ⟩𝑀 = 𝛿
𝑗

𝑖
.

Such problems arise frequently in Geometry Processing, for instance

when analyzing Laplace–Beltrami operators, modal vibrations of

shells/volumes, or spectral decompositions of shapes.

In the following, we always search for dominant eigenpairs of an

operator O (e.g., using the Power Method). To extract the largest

(resp. smallest) eigenvalues of (𝐴,𝑀), one sets O := 𝑀−1𝐴 (resp.

O := 𝐴−1𝑀). Shift-invert strategies allow extracting eigenpairs

around a target 𝜎 eigenvalue, by setting O := (𝐴 − 𝜎𝑀)−1𝑀 . In this

setup, one recovers the original eigenvalues {𝜆𝑖 } from the extracted

eigenvalues {𝜆′𝑖 } of the shifted problem through 𝜆𝑖 = 1/𝜆′𝑖 + 𝜎 .

ALGORITHM 1: Power Method for Dominant Eigenvalue

Input: Power operator O, inner-product ⟨·, ·⟩𝑀 , initial vector 𝑥0,

tolerance tol, error measure 𝜖 (𝜆, 𝑥 )
Output: Approximate dominant eigenvalue 𝜆 of O, associated

eigenvector 𝑥

1 𝑥 ← 𝑥0/∥𝑥0 ∥𝑀 (normalization);

2 repeat
3 𝑤 ← O𝑥 (power step);

4 𝜆 ← ⟨𝑥, 𝑤⟩𝑀 ;

5 𝑥 ← 𝑤/∥𝑤 ∥𝑀 ;

6 until 𝜖 (𝜆, 𝑣) < tol;
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ALGORITHM 2: Extend Lanczos Basis (Generalized Setting)

Input: Power operator O, inner-product ⟨·, ·⟩𝑀 , basis vectors

(𝑣𝑗−1, 𝑣𝑗 ) , tridiagonal matrix𝑇𝑗

Output: Next vector 𝑣𝑗+1 and updated𝑇𝑗+1
1 𝑤 = O𝑣𝑗 (power step);
2 𝑡 𝑗 𝑗 ← ⟨𝑣𝑗 , 𝑤⟩𝑀 , 𝑡 𝑗,𝑗−1 ← ⟨𝑣𝑗−1, 𝑤⟩𝑀 ;

3 𝑣̃ ← 𝑤 − 𝑡 𝑗 𝑗 𝑣𝑗 − 𝑡 𝑗,𝑗−1𝑣𝑗−1;
4 𝑡 𝑗+1, 𝑗 ← ∥ 𝑣̃ ∥𝑀 , 𝑣𝑗+1 ← 𝑣̃/𝑡 𝑗+1, 𝑗 ;

2.2.1 Lanczos iteration. To warm-up, we recall the classical Power

Method (Algo. 1) to extract dominant general eigenpairs of Eq. (1).

It allows computing a single eigenpair, and converges unfortunately

quickly only in cases where the spectrum is well separated. To

compute several eigenpairs at once, more evolved schemes such as

the Lanczos method are needed.

Rather than discarding intermediate vectors, the Lanczos method

builds an orthonormal basis 𝑉𝑘 such that:

O𝑉𝑘 =𝑉𝑘𝑇𝑘 + 𝑟𝑘𝑒𝑇𝑘 , (2)

where 𝑇𝑘 is symmetric and tridiagonal, 𝑟𝑘 is the residual vector in

iteration 𝑘 and 𝑒𝑘 denotes the 𝑘−th standard basis vector . Each

vector 𝑣 𝑗+1 depends only on the previous two via the recurrence

[Lanczos 1950]. The basis is grown iteratively by applying the oper-

ator to the last vector of the basis, and orthonormalizing the result

against it to define the next basis vector (see Algo. 2).

This process builds a Krylov subspace whose tridiagonal pro-

jection 𝑇𝑘 approximates the largest eigenvalues of the operator

O. We can then compute the largest eigenpairs {𝜗𝑖 , 𝜉𝑖 } of 𝑇𝑘 (the

so-called Ritz pairs) of O, and reconstruct approximate eigenvec-

tors in the original space through multiplication by 𝑉𝑘 . For exam-

ple, to extract largest eigenpairs, we use O = 𝑀−1𝐴, and see that

𝐴𝑉𝑘𝜉𝑖 ≃ 𝑀𝑉𝑘𝑇𝑘𝜉𝑖 = 𝜆𝑖𝑀𝑉𝑘𝜉𝑖 .

2.2.2 Termination Criterion. Given a Ritz pair (𝜉𝑖 , 𝜗𝑖 ) with 𝑇𝑘𝜉𝑖 =
𝜗𝑖𝜉𝑖 , we follow [Arbenz 2016] and ARPACK [Lehoucq et al. 1997] to

determine when an eigenpair has converged. Let 𝑥𝑖 =𝑉𝑘𝜉𝑖 denote

the 𝑖-th approximate eigenvector. In this case we have

O𝑉𝑘𝜉𝑖 =𝑉𝑘𝑇𝑘𝜉𝑖 + 𝑟𝑘𝑒𝑡𝑘𝜉𝑖 = 𝜗𝑖𝑉𝑘𝜉𝑖 + 𝑟𝑘𝑒𝑡𝑘𝜉𝑖 = 𝜗𝑖𝑥𝑖 + 𝑟𝑘𝑒𝑡𝑘𝜉𝑖 ,
thus

O𝑥𝑖 − 𝜗𝑖𝑥𝑖 = 𝑟𝑘𝑒
𝑇
𝑘
𝜉𝑖 .

Further, let 𝛽𝑘 = ∥𝑟𝑘 ∥𝑀 and 𝑓𝑘 such that 𝛽𝑘 𝑓𝑘 = 𝑟𝑘 . Following

common practice, we consider an eigenpair as converged whenever

𝛽𝑘 |𝑒𝑇𝑘 𝜉𝑖 | ≤ max(𝜇, tol · |𝜗𝑖 |),
where 𝜇 > 0 is a safety floor guard to prevent division by zero. We

use 𝜇 = (𝜀mach)
2

3 , where 𝜀mach denotes the machine precision.

2.2.3 Implicit Restarts. For brevity, we omit the explicitly restarted

Lanczos method and focus instead on the IRLM, which we use as a

baseline throughout this work. IRLM constructs a Krylov basis of

size 𝑀 > 𝑚, implicitly filters out unwanted spectral components

via QR shifts, retains the𝑚 most relevant vectors, and subsequently

expands the basis again while preserving the Lanczos recurrence.

The overall procedure is summarized in Algo. 3. We refer the reader

to [Arbenz 2016] for further background.

ALGORITHM 3: Implicitly Restarted Lanczos Method (IRLM)

Input: System (𝐴,𝑀 ) , initial vector 𝑣1, target size𝑚, max size𝑀

Output: Approximate𝑚 smallest generalized eigenpairs

1 Build a Lanczos basis (𝑉𝑀 ,𝑇𝑀 ) of size𝑀 (Algo. 2);

2 while not all𝑚 eigenpairs converged (see Sec. 2.2.2) do
3 Compute Ritz pairs of𝑇𝑀 ;

4 Select𝑀 −𝑚 unwanted Ritz values as shifts {𝜇𝑖 } (Algo. 4);
5 Apply QR shifts to filter the basis (Algo. 5);

6 Truncate to size𝑚: (𝑉𝑚,𝑇𝑚 ) ;
7 Extend basis from size𝑚 to𝑀 (Algo. 2);

ALGORITHM 4: Adaptive shift selection for the implicit restart

Input: Ritz values {𝜃𝑖 }𝑀𝑖=1, Ritz residual estimates {𝑟𝑖 }𝑀𝑖=1, target
count𝑚, max Krylov size𝑀 , number of converged pairs

𝑛conv, near-convergence threshold 𝜏lock

Output: Adjusted subspace size𝑚+, shift set {𝜇𝑖 }𝑝𝑖=1
1 𝑚+ ←𝑚;

// Protect near-converged Ritz pairs beyond the target

set

2 for 𝑖 =𝑚 + 1 to𝑀 do
3 if |𝑟𝑖 | < 𝜏lock then
4 𝑚+ ←𝑚+ + 1;

// Redistribute capacity freed by already-converged

pairs

5 𝑚+ ←𝑚+ +min

(
𝑛conv, ⌊ (𝑀 −𝑚+ )/2⌋

)
;

// Guard against degenerate cases

6 if𝑚+ = 1 and𝑀 ≥ 6 then
7 𝑚+ ← ⌊𝑀/2⌋;
8 else if𝑚+ = 1 and𝑀 > 2 then
9 𝑚+ ← 2;

10 𝑚+ ← min(𝑚+, 𝑀 − 1) ;
11 𝑝 ← 𝑀 −𝑚+;
12 Select the 𝑝 unwanted Ritz values (those not among the𝑚+ best) as

shifts {𝜇𝑖 }𝑝𝑖=1;
13 return𝑚+, {𝜇𝑖 }𝑝𝑖=1

In the simplest formulation of the implicit restart, one keeps𝑚

Ritz vectors and applies 𝑝 = 𝑀 −𝑚 shifts at each restart cycle. In

practice, however, a fixed split between kept and shifted subspaces

is fragile. We observed that our solver performs in practice better,

when we apply a heuristic strategy used in ARPACK [Lehoucq et al.

1997] to determine the number of QR shifts used in the implicitly

restarted Lanczos method. We adaptively adjust the number of kept

vectors 𝑚+ at each restart according to Algo. 4. As convergence

progresses,𝑚+ grows and fewer shifts are applied, so the restart

transitions from aggressive polynomial filtering in the early iter-

ations to gentle refinement in the final ones. The threshold 𝜏lock
controls how aggressively near-converged pairs beyond the target

set are protected from being shifted away. Following ARPACK, a

typical choice is 𝜏lock = 10 𝜀mach.
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ALGORITHM 5: Multiple QR Shifts in the Lanczos Relation

Input: Tridiagonal matrix𝑇𝑀 , Lanczos basis𝑉𝑀 , shift values {𝜇𝑖 }
Output: Updated matrix𝑇𝑀 , updated basis𝑉𝑀

1 Initialize:𝑄+ ← Id;

2 for 𝑖 do
3 Compute the QR decomposition:𝑇𝑀 − 𝜇𝑖 𝐼 =𝑄𝜇𝑖𝑅𝜇𝑖 ;
4 Update the matrix:𝑇𝑀 ← 𝑄𝑇𝜇𝑖𝑇𝑀𝑄𝜇𝑖 ;

5 Accumulate:𝑄+ ← 𝑄+𝑄𝜇𝑖 ;

6 Update the Lanczos basis:𝑉𝑀 ← 𝑉𝑀𝑄+;

3 Our multigrid IRLM

IRLMs can suffer from various bottlenecks, depending on various

factors such as number of requested eigenpairs, size of the problem,

complexity of the operator (ie. number of non-zero entries per row,

impacting performance of Cholesky factorizations and backsubsti-

tutions), or spectral properties (how well are the eigenvalues spread

across the spectrum, impacting convergence rate of the power step).

We tackle those issues by avoiding any expensive Cholesky fac-

torization, relying on propagation of simpler-to-extract eigenpairs

found at coarser levels, while benefiting from Lanczos bases sani-

tized in early stages, which we prolongate across levels similarly.

Our method allows computing eigenmodes that can be repre-

sented through multiscale decomposition, intuitively: smooth func-

tions conceptually compatible with the coarsest level of our input

multigrid. It builds upon those two observations:

(1) Smooth signals can be prolongated coarse-to-fine across com-

mon multigrid hierarchies. We adopt a FMG scheme and

extract eigenvectors at the coarsest level, before prolongating

them throughout the hierarchy.

(2) Frequencies added across levels are well identified and mod-

erate. This allows us upsampling the Lanczos basis itself from

one level to the next, and use it as warm start for the refine-

ment of the basis through simple iterative solves.

3.1 Lanczos Basis Upsampling

We detail here our level-to-level Lanczos basis upsampling proce-

dure, which is the key ingredient of our method.

Let 𝐴0 := 𝐴 and 𝑀0 := 𝑀 denote the finest-level stiffness and

mass matrices. Given a prolongation matrix

𝑃𝑖 : R𝑛𝑖+1 → R𝑛𝑖 ,

with 𝑛𝑖 > 𝑛𝑖+1, we construct coarser matrices via Galerkin projection:

𝐴𝑖+1 = 𝑃⊤𝑖 𝐴𝑖𝑃𝑖 , 𝑀𝑖+1 = 𝑃⊤𝑖 𝑀𝑖𝑃𝑖 ,

and build the associated operator O𝑖 from (𝐴𝑖 , 𝑀𝑖 )1.
Suppose given a hierarchy of prolongationmatrices {𝑃𝐿−1, . . . , 𝑃0},

and already computed Lanczos factorization for the 𝑘 smallest gen-

eralized eigenpairs of O𝑖+1 on level 𝑖 + 1:
O𝑖+1𝑉𝑖+1,𝑘 =𝑉𝑖+1,𝑘𝑇𝑖+1,𝑘 + 𝑟𝑖+1,𝑘𝑒⊤𝑘 ,

where𝑉𝑖+1,𝑘 ∈ R𝑛𝑖+1×𝑘 is the Lanczos basis and𝑇𝑖+1,𝑘 the associated
tridiagonal matrix.

1
For the shift-inverted operator (O := (𝐴 − 𝜎𝑀 )−1𝑀 ), we apply the shift only on the

finest operator: we effectively coarsen the shifted problem (𝐴 − 𝜎𝑀 ;𝑀 ) .

To leverage this coarse-level information, we prolongate the Lanc-

zos basis and residual to level 𝑖:

𝑉̃𝑖,𝑘 = 𝑃𝑖𝑉𝑖+1,𝑘 , 𝑟𝑖,𝑘 = 𝑃𝑖𝑟𝑖+1,𝑘 .

Lanczos upsampling

Our FMG

MG-Lanczos iterations

This yields an initial guess for a Lanczos factor-

ization on level 𝑖 , which we then refine. The key

idea is to reuse the tridiagonal matrix𝑇𝑖+1,𝑘 found
at the coarser level to initialize a warm-started

solve on the finer level – effectively reversing the

Lanczos recurrence to compute an initial power

step vector consistent with the upsampled Krylov subspace.

The process is formalized in Algo. 6, which modifies the standard

Lanczos extension (Algo. 2) by incorporating the upsampled vector

from the coarser level as a spectral prior. This warm-started power

step is then done with an iterative solver.

ALGORITHM 6: Multigrid-Accelerated Lanczos Extension

Input: Operator O, inner-product ⟨·, ·⟩𝑀 , basis vectors (𝑣𝑗−1, 𝑣𝑗 ) ,
prolongated estimate 𝑣′𝑗+1, coarse tridiagonal matrix𝑇𝑗

Output: Next vector 𝑣𝑗+1 and updated𝑇𝑗+1
1 Scale the prolongated vector: 𝑣̃′𝑗+1 ← 𝑡 𝑗+1, 𝑗 · 𝑣′𝑗+1;
2 Reverse Lanczos step: 𝑤 ← 𝑣̃′𝑗+1 + 𝑡 𝑗 𝑗 𝑣𝑗 + 𝑡 𝑗,𝑗−1𝑣𝑗−1;
3 𝑤 = O𝑣𝑗 (linear solve done using warm-started iterative solver);

4 Compute projections: 𝑡 𝑗 𝑗 ← ⟨𝑣𝑗 , 𝑤⟩𝑀 , 𝑡 𝑗,𝑗−1 ← ⟨𝑣𝑗−1, 𝑤⟩𝑀 ;

5 Orthogonalize: 𝑣̃ ← 𝑤 − 𝑡 𝑗 𝑗 𝑣𝑗 − 𝑡 𝑗,𝑗−1𝑣𝑗−1;
6 Normalize: 𝑡 𝑗+1, 𝑗 ← ∥ 𝑣̃ ∥𝑀 , 𝑣𝑗+1 ← 𝑣̃/𝑡 𝑗+1, 𝑗 ;

The complete MG-accelerated Lanczos procedure proceeds in a

coarse-to-fine manner. On the coarsest level, we compute a Lanczos

factorization using a direct solver (eg, Cholesky):

Oℓ𝑉ℓ,𝑘 =𝑉ℓ,𝑘𝑇ℓ,𝑘 + 𝑟ℓ,𝑘𝑒⊤𝑘 .
This provides both an initial Krylov basis and an associated tridiago-

nal matrix that capture the problem’s dominant spectral information.

The Lanczos basis is then prolongated successively to finer levels.

At each level, we reuse the tridiagonal matrix obtained from the

coarser level and employ the prolongated Lanczos basis to initialize

the power steps of the Lanczos extension in the realm of Algo. 6.

3.2 Robust Multiscale Lanczos recursion

The algorithm described in Sec. 3.1 allows propagating Lanczos

bases from coarse to fine levels, using reverse-engineered warm-

starts for the iterative solves. In the best case (which happens often

for well-conditioned systems), this approach is sufficient and leads

to a simple multiscale eigenvector extraction strategy.

Unfortunately, the spectral properties of the systems might drift

slightly throughout the hierarchy, and Lanczos bases allowing ex-

tracting𝑛 eigenvectors at a given level might only allow us to extract

𝑛′ < 𝑛 eigenvectors at the next level after propagation. To cope

with this issue, we devise simple multiscale schemes to sanitize the

Krylov space throughout the hierarchy (see Algo. 7).

3.2.1 Multiscale Krylov enrichment. As increasing the Krylov space
size leads generally to better spectral properties (making the extrac-

tion sometimes faster than when using a small Krylov space size),

we change its size adaptively if need be.
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ALGORITHM 7: Our MultiGrid IRL method (MG-IRLM)

Input: Levels ℓ = 𝐿, . . . , 0 with SPD pairs (𝐴ℓ , 𝑀ℓ ) and
prolongations 𝑃 ℓ→ℓ−1;

number of requested eigenpairs 𝑛ev;

initial Krylov size 𝑛𝐾 ; maximal Krylov size 𝐾max; tolerance 𝜀

Output: Converged eigenpairs on finest level ℓ = 0

1 Coarsest-level initialization (ℓ = 𝐿):;
2 Standard IRLM (𝑉 𝐿,𝑇𝐿 ) ← IRLM(𝐴𝐿, 𝑀𝐿, 𝑛𝐾 ) for 𝑛ev
3 Hierarchical refinement (coarse→ fine):;
4 for ℓ = 𝐿 − 1 down to 0 do
5 Prolongation:;
6 𝑉 ℓ ← 𝑃 ℓ+1→ℓ𝑉 ℓ+1, 𝑇 ℓ ← 𝑇 ℓ+1;

7 Set target Krylov size 𝑘ℓ
target

← dim(𝑉 ℓ+1 ) ;

8 Warm-start refinement:;
9 while nb. of converged eigenpairs < 𝑛ev and

dim(𝑉 ℓ ) < dim(𝑉 ℓ+1 ) do
10 Extend (𝑉 ℓ ,𝑇 ℓ ) using Algorithm 6;

11 𝑘ℓ ← 𝑘ℓ + 1;

12 A) Multiscale Krylov enrichment: (if necessary) // 3.2.1;
13 while nb. of converged eigenpairs < 𝑛ev and 𝑘ℓ < 𝐾max do
14 Extend (𝑉 𝐿,𝑇𝐿 ) by one standard Lanczos step;

15 for 𝑐 = 𝐿 down to ℓ + 1 do
16 Prolongate newly generated Lanczos vector:

𝑣𝑐−1
new
← 𝑃𝑐→𝑐−1𝑣𝑐

new
;

17 Extend (𝑉 𝑐−1,𝑇 𝑐−1 ) by one warm-started Lanczos

step;

18 Extend (𝑉 ℓ ,𝑇 ℓ ) using the injected vector

19 B) Multiscale QR-shift: (if necessary) // 3.2.2;
20 if nb. of converged eigenpairs < 𝑛ev and dim(𝑉 ℓ ) = 𝐾max then
21 Perform implicit restart with QR shifts, retaining 𝑛ev Ritz

vectors, sanitizing lower-levels as well:;

22 { (𝑉 ℓ ,𝑇 ℓ ), {𝑄𝑖 }} ← IRLM_Restart(𝑉 ℓ ,𝑇 ℓ , 𝑛ev ) ;
23 for 𝑐 = 𝐿 down to ℓ + 1 do
24 ApplyQRShiftAndTruncate(𝑉𝑐 ,𝑇𝑐 , {𝑄𝑖 });
25 Go to A) after truncation.

26 return eigenpairs extracted from (𝑉 0,𝑇 0 ) ;

We keep the Lanczos bases {𝑉𝑐 ,𝑇𝑐 } for all levels 𝑐 of the hierarchy.
When extending the Krylov space, we simply extend the Lanczos

basis at the coarsest level (Algo. 2) and we then run our multiscale

propagation scheme to extend the extended bases coarse-to-fine.

This simple strategy is detailed in point A) of Algo. 7.

3.2.2 Multiscale QR-shift. If the previous strategy failed after hav-

ing extended the Krylov spaces to a maximum size, we perform

QR-shifts to the Krylov basis at the current (intermediate) level 𝑙 ,

and we apply them similarly to the levels below in order to keep our

multiscale iteration consistent. This will make it possible to extend

the bases if needed later on. This simple strategy is detailed in point

B) of Algo. 7. Note that this operation is rendered possible by the

fact that applying a QR-shift requires simple updates from the right
side of 𝑉 only (see Algo. 5), keeping the operation compatible with

the performed prolongations done on their left side.

Table 1. Laplace eigenvector extraction on triangle meshes. V: ver-
tex count. N: number of requested eigenvectors. We report timings for the

preprocessing Pr (for us and MG: multigrid building; for Cholesky: factoriza-

tion) and the total time Total. We compare the use for the GRAVOmultigrid

(Gr) [Wiersma et al. 2023] and an Algebraic multigrid (AMG) [Demidov

2020]. The last example (Sea shell) is representative of what can be pro-

cessed with our technique on our standard laptop. Past this size, crashes

are observed due to memory overflow.

Ours (AMG) Ours (Gr) IRL-Chol

Mesh V↓ N Pr/Total Pr/Total Pr/Total

Femur 1.4M 5 0.9s/9.8s 13.7s / 31.6s 16.5s / 23.2s

50 _ /47.9s _ / 87.1s _ / 46s
100 _ /86.9s _ / 156.4s _ / 77.1s

Spot 1.7M 5 1s/14.4s 14.8s/31.2s 27.0s/36.1s
50 _ /70.8s _ / 99.3s _ / 80.1s

100 _ /138.6s _ / 188.7s _ / 140.1s

Duck 2.5M 5 2.3s/10.9s 21.4s/38.5s 61.1s/75.7s
50 _ /41.6s _ / 86.9s _ / 124.5s
100 _ /91.3s _ / 160.2s _ / 243.0s

David 2.6M 5 2.8s/43.1s 27.1s/73.6s 95.4s/112.2s
50 _ /201.8s _ / 257.1s _ / 195.6s
100 _ /409.3s _ / 493.9s _ / 301.9s

letterA 3.8M 5 1.9s/25.8s 34.3s/73.4s 129.5s/151.6s
50 _ /163.3s _ / 254.7s _ / 337.5s
100 _ /285.8s _ / 386.4s _ / 424.2s

Seal 9.9M 5 17.1s/117.5s 117.7s/217.5s 820s/ 915.1s
50 _ /601.2s _ / 844.2s _ / 1454.6s
100 _ /1213.1s _ / 1944.7s _ / 3.2h

Sea shell 12.5M 5 11.1s/171.9s 156.6s/362s ��1h
50 _ /1237.5s _ / 1396s _

100 _ /5370s _ / crashed _

Sea shell 16.5M 5 19.8s/ 227.4s 213.1s/415.5s ��1h
50 _ / 1133.5s _ / 1341s _

100 _ / crashed _ / crashed _

4 Applications

We focus on spectral problems common in Computer Graphics,

and analyze our results on Laplace-Beltrami surface eigenvectors,

isosurface extraction on tetrahedral meshes, elastic vibration modes

on triangle and tetrahedral meshes, and standard spectral image

clustering. We performed all tests on a Macbook Air M4 with 32GB

of RAM, using 8 cores in OpenMP to accelerate matrix products.

Termination criteria. As discussed in Sec. 2.2.2, we use Ritz resid-

uals to terminate our algorithm. We set tol = 10
−9

as termination

criterion for all our examples. As we use an iterative solver in place

of the direct solver requiring a Cholesky decomposition, we have to

specify an additional termination criterion for the inner loop solver.

We set tolsolver = 10
−6

for all our examples.

4.1 Laplace-Beltrami eigenvectors on triangle meshes

Many applications require extracting the Laplace-Beltrami’s spec-

trum. Spectral distances (diffusion, biharmonic, commute-time, ...)
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Fig. 2. Laplace-Beltrami eigenvectors computed with our multiscale solver. Note that the Seal example features several connected components.

are for example defined as (signing positively the eigenvalues 𝜆𝑖 ):

𝑑spec (𝑢, 𝑣, 𝑡) :=
∑︁
𝑖

(𝜙𝑖 (𝑢) − 𝜙𝑖 (𝑣))2𝜅spec (𝜆𝑖 , 𝑡), (3)

with 𝜅diff := 𝜆2𝑡𝑖 , 𝜅bih := 𝜆−2𝑖 , 𝜅commute-time := 𝜆−1𝑖 .

Their computations and the one of other descriptors such as the

Heat Kernel Signature [Sun et al. 2009] or Functional Maps [Ovs-

janikov et al. 2012], require typically a few tens of eigenvectors, that

capture smooth low-frequency signals of the input geometries.

We compute Laplacian eigenvectors on input triangle meshes of

various complexity (Fig. 2), and report timings in Tab. 1.

Analysis. The Laplace-Beltrami operator on triangle meshes is

remarkably simple, making Cholesky factorizations extremely com-

petitive. Nevertheless, we observe in Tab. 1 that our approach is

faster than the standard IRL-Cholesky baseline for input of moder-

ate size when extracting a few eigenvectors (Femur, Spot, David),

and it is always faster for very large inputs (Duck, LetterA, Seal).

Though the AMG seems to give better results than the GMG on this

example, those observations apply to both kinds.

4.2 Spectral surface extraction on tetrahedral meshes

We present an application to surface extraction [Alliez et al. 2007],

using the formulation proposed in [Zhao et al. 2021] that discretizes

the energy on a tetrahedral mesh with the Finite Element method.

We maximize the following objective function:

E𝑆𝑢𝑟 𝑓 (𝑓 ) :=
∑︁
𝑝

▽𝑓 𝑇 ·𝐶𝑝 · ▽𝑓 → max, s.t. (4)

𝛼

|X|
∑︁
𝑝

𝑓 (𝑝)2 + 𝛽
∫
T
∥▽𝑓 (𝑥)∥2𝑑𝑥 + 𝛾

∫
T
△𝑓 (𝑥)2𝑑𝑥 = 1

𝑓 being the scalar function whose 0-set is the surface to extract, X
being the input pointset with unknown normals, 𝐶𝑝 = 𝐼 + 𝜎𝑛𝑝 · 𝑛𝑇𝑝
being an anisotropy matrix favoring alignment of ▽𝑓 with the es-

timated normal 𝑛𝑝 at 𝑝 , and T being a tetrahedral mesh on which

E𝑆𝑢𝑟 𝑓 is discretized. Solving Eq. (4) is done through a (largest) gen-

eral eigenvector extraction. We compare our method with standard

IRL methods in Tab. 2, and we illustrate extracted surfaces in Fig. 3.

Analysis. For problems requiring very few eigenvectors, comput-

ing a Cholesky decomposition is in general not worthy, as the cost of

the preprocessing itself is in general bigger than the time needed for

iterative solvers to terminate. This is particularly true for spectral

surface extraction (see Tab. 2), which requires a single eigenvector.
While the standard usage of MGswith a common IRLmethodmay

give reasonable performance, we find our method always faster and

more reliable than this IRL-MG baseline. The overhead of IRL-MG

over our method is variable across our tests: this is due to restarts

triggered more randomly, while our approach allows sanitizing

quickly Lanczos bases early at coarser scales, where restarts are

much less expensive.
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Input point cloud Tetrahedralization

Extracted Isosurface

Isosurface Galery

Fig. 3. Left: The spectral isosurface extraction method [Alliez et al. 2007] starts by assigning an (unoriented) normal per input point. A smooth implicit

function whose gradient aligns with the normals is then optimized on a bounding tetrahedral mesh through a general eigenvector extraction. The surface is

computed by contouring the resulting implicit field. Right: Additional surfaces extracted with our multiscale solver.

Table 2. Isosurface extraction on tetrahedral meshes. 𝑃/𝑉 : input points

count / tetmesh vertex count. We report timings for the preprocessing

Pr and total Total as in Tab. 1. We use an Algebraic Multigrid computed

with [Demidov 2020]. We extract a single eigenvector in this case, with

a Krylov space of size 10. We use for those examples a CG solver with a

damped Jacobi V-cycle smoother as preconditioner.

Ours (AMG) IRL-Chol IRL-MG

Mesh P/V↓ Pr./Total Pr./Total Pr./Total

David 101k/189k 0.6s/135s 152s/157s 0.6s/472s

Femur 350k/553k 2s/114s 432s/452s 2s/132s

Seal 364k/558k 3s/162s 537s/574s 3s/418s

Spot 420k/665k 3.3s/ 153s 890s/981s 3.3s/288s

Capybara 1.2M/1.9M 13s/24m crashed 13s/36m

4.3 Surface vibration modes

Structural analysis is commonly performed by extracting eigen-

vectors of mechanical energy Hessians. Those eigenvectors are

directions in which the energy is least/most changed, and help con-

veying structural weaknesses to engineers. In computer graphics,

analogous vibration modes are widely used to extract meaningful

deformation directions that minimize prescribed elastic energies.

Such modes are obtained as generalized eigenvectors of

𝐻𝑥 = 𝜆𝑀𝑥, (5)

𝐻 denoting the Hessian of the elastic energy, 𝑀 the stacked mass

matrix, and 𝑥 ∈ R3𝑉
the displacement vector the 𝑉 vertices.

We consider surface meshes on which Dirichlet boundary con-

ditions are enforced by pinning a few vertices. We showcase our

solver on the elastic energies described in [Fröhlich and Botsch

2011] (Fig. 4) and report timings in Tab. 3. We used a CG solver

preconditioned by a damped 3 × 3-block Jacobi V-cycle. The scalar

prolongation operator is taken from [Wiersma et al. 2023] and is

extended to 3D displacements via a Kronecker product with 𝐼3.

Analysis. It is common to require several tens of vibration modes

to "nail down" the space of suitable deformations to apply to a mesh

Table 3. Vibrationmodes extraction on triangle meshes. V: (free) vertex
count; N: eigenvectors requested; SK: size of the Krylov space used for the

experiments. We report timings for the preprocessing Pr and total Total as

in Tab. 1. We use in our experiments the Gravo multigrid [Wiersma et al.

2023]. The timings that are crossed out indicate that we terminated the

experiments early. The last example crashed due to memory overflow.

Ours IRL-Chol IRL-MG

Mesh V↓ N SK Pr./Total Pr./Total Pr./Total

Oilpump 377k 10 30 4s/207s 382s/408s 4s/1090s
50 110 _ /620s _ /488s _ /��30m
100 220 _ /1056s _ /586s _ /��n.a

Blade 581k 10 30 6s/342s 721s/770s 6s/1491s
50 110 _ /978s _/998s _ /��1h
100 220 _ /1726s _/1078s _ /��n.a

Armadillo 709K 10 30 7s/376s 1336s/1662s 7s/��1h..
50 110 _ /1115s _ /1616s _ /��n.a
100 220 _ /2540s _ /1755s _ /��n.a

Bunny 1.01M 10 30 12s/377s 2441s/4121s 12s/912s

50 110 _ /1281s _ /��2h _ /��5h
100 220 _ /2408s _ /��n.a _ /��n.a

Rockerarm 1.3M 10 30 15s/632s crashed 15s/��1h
50 110 _ /1977s _ _ /��n.a
100 220 _ /3744s _ _ /��n.a

Coral 1.6M 10 30 15.4s/642s crashed 15.4s/��n.a
50 110 _ /2974s _ _ /��n.a
100 220 _ /crashed _ _ /��n.a

during an interactive modeling session. It is thus more interesting

to focus on the behaviors emerging for a large enough number

of requested eigenmodes (≥ 50). From our tests (Tab. 3), we see

that the sweet spot for our approach appears to be between the

Armadillo (709k vertices) and Bunny (1M vertices) models. For a

big-enough mesh size, performing a Cholesky factorization becomes

both too prohibitive (in terms of preprocessing times) and inefficient

(in terms of solve performance at each iteration). Our multiscale

approach shines in these regimes. Note again that our performance
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Fig. 4. Vibration modes of an elastic surface energy extracted with our multiscale solver.

Table 4. Vibrationmodes extraction on tetrahedralmeshes for a linear
elasticity model. V: (free) vertex count; N: eigenvectors requested; SK: size
of the Krylov space. We report timings for the preprocessing Pr and total

Total as in Tab. 1. We use in our experiments an AMG [Demidov 2020],

as we do not have access to GMGs in the case of tetrahedral meshes. We

used a BiCGStab iterative solver preconditioned with a block-GS V-cycle.

Crossed-out timings indicate that we terminated the experiments early.

(𝜈 = 0.3, 𝜇 = 10
6) (𝜈 = 0.499, 𝜇 = 10

6)
Ours IRL-Chol Ours IRL-Chol

Mesh N SK Pr/Total Pr/Total Pr/Total Pr/Total

Wheel 10 30 <1s/48s 49s/56s <1s/410s 62s/71s
V=65k 50 110 _ /71s _ /79s _ /1255s _ /96s

100 220 _ /94s _/111s _ /2042s _/133s

Bull 10 30 2s/318s 1322s/1428s 2s/1152s 1321s/1366s

V=290k 50 110 _ /606s _ /1675s _ /2894s _ /1435s
100 220 _ /807s _/1772s _ /3898s _/1529s

Rod 10 30 3s/892s crashed 3s/1421s crashed
V=393k 50 110 _ /2621s _ _ /3926s _

100 220 _ /3001s _ _ /��2h _

Heart 10 30 3s/564s crashed 3s/2655s crashed
V=433k 50 110 _ /1119s _ _ /��2h _

100 220 _ /1935s _ _ /��na _

improvements do not come from the use of MGs for the solves only:

the worst timings are obtained when using the standard IRLM with

the MG solver in place of the Cholesky one (Tab. 3, IRL-MG column).

4.4 Tetrahedral mesh vibration modes

Wedemonstrate next our solver for the extraction of vibrationmodes

on tetrahedral meshes, for standard mechanical energies (we use

in our tests the Hessian of a linear elasticity energy, see [Hughes

2012; Sifakis and Barbič 2012]). We report in Tab. 4 results for two

materials settings (𝜈 = 0.499, 𝜇 = 10
6) and (𝜈 = 0.3, 𝜇 = 10

6), and
illustrate some in Fig. 5. As for Sec. 4.2, we only used an AMG, for

lack of a well-established GMG on tetrahedral meshes. We used

in those examples a BiCGStab solver preconditioned with a Block

Gauss-Seidel V-cycle, as we noticed that our simpler CG solver was

showing unstabilities, hinting at the increased complexity of the

operator. As shown in Tab. 4, 𝜈 = 0.499 is a challenging case for our

approach (much more that the case 𝜈 = 0.3): It is well documented

(see [Smith et al. 2018]), that the case of nearly incompressible

materials with Poisson ratio close to 0.5 is challenging for iterative

solvers, due to the ill-conditioned nature of the Hessian.

4.5 Spectral clustering in images

Many spectral methods were developed for Image Processing appli-

cations such as clustering or anomaly detection [Ehret et al. 2019;

Gula and Bertoldo 2023; Shi 2003]. We show here a simple applica-

tion to spectral clustering [Zhang et al. 2021].

Spectral graph clustering methods require defining an affinity

matrix𝑊 , 𝑤𝑖 𝑗 = 𝑤 𝑗𝑖 denoting the affinity between nodes 𝑖 and 𝑗

(for images: two pixels), and extracting a normalized Laplacian as:

𝐿𝑁 := 𝐷−1/2 (𝐷 −𝑊 )𝐷−1/2 (6)
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Fig. 5. Vibration modes on tetrahedral meshes for a linear elasticity model.

Ours-GMG: 42s / IRLM-Chol: 248s Ours-GMG: 576.4s / IRLM-Chol: 919s Ours-GMG: 450.3s / IRLM-Chol: 1324s
Ours-AMG: 48.3s Ours-AMG: 253.2s Ours-AMG: 704.1s

Fig. 6. Some of the 50 eigenvectors of a simple pixel affinity matrix extracted with our multiscale solver.

𝐷 being the diagonal mass matrix (𝐷𝑖𝑖 =
∑
𝑗𝑊𝑖 𝑗 ), used to make the

Laplacian row-normalized (akin to a stochastic walk matrix
2
). Low-

frequency eigenvectors of 𝐿𝑁 are then used as node descriptors, and

clustering is obtained through 𝑘-means (or alternative) clustering

on those descriptors. The choice of the affinity function impacts of

course the clustering, and there is a vast literature on the choice of

adequate affinity functions for Image Processing.

As explained in [Zhang et al. 2021], a main bottleneck for those

approaches is their poor performance on large images, as extracting

eigenvectors of very large affinity matrices is extremely costly. This

has motivated the development of many approximation methods,

among which Super-Pixels and Quad-Tree based approaches.

We present in Fig. 6 results of eigenvectors extracted for a simple

affinity function, which is a simplified model of the version used

by An & Pellacini [2008]. We use a simple Quad-Tree GMG as well

as an AMG to demonstrate the usefulness of our approach on sev-

eral examples. Surprisingly, while our affinity function results in a

long-range operator, we found that our simple GMG was overall

competitive with the AMG for this application.

2
Equivalently, one can extract general eigenvectors of (𝐷 −𝑊 )𝑥 = 𝜆𝐷𝑥 .

5 Discussion

5.1 Comparison with existing libraries.

We compared our approach with our implementation of the IRLM

with a Cholesky factorization, to make sure to identify the benefits

of using our multiscale extension in a fair manner: all versions

share the same codebase, the only difference is the usage of our

MG scheme. We have run experiments with Spectra [Qiu 2021],

which is based on Eigen and implements the same IRLM with a

prefactorization. Our implementation is slightly faster, but similar

asymptotic experimental complexities are observed.

5.2 Ablations

5.2.1 Multiscale vs. single-scale iterative solver. While the "natural"

baseline we compare to is the commonly-found IRLmethod that uses

a Cholesky factorization to compute direct linear solves, the IRL-MG

variant we studied in several applications hints more directly at the

efficiency of our multiscale approach used for the Lanczos iteration,

as we employ the same solver for both our approach and this single-

scale alternative. If very few eigenvectors need be extracted (e.g.,

Sec.4.2), IRL-MG might be a viable alternative, though still slower

than our approach. For very complex problems (e.g., Sec. 4.3), IRL-

MG becomes impractical for two reasons. First, less restarts are

required using our approach because we filter spectral information

efficiently throughout the hierarchy. Second, and very importantly,
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the number of iterations per solve are dramatically reduced by our

warm-start strategy. Overall, IRL-MG was never faster than our
approach in our tests (neither for few nor many eigenpairs).

5.2.2 Multiscale Krylov enrichment. We study the importance of our

multiscale Krylov enrichment (Secs. 3.2.2 and 3.2.1) .

Converged EPs
throughout hierarchy

Coarsest
0

Finest

10

20

30

40

50
We request 50 eigenvectors of the Hamil-

tonian operator (Sec. 5.3), using a Krylov

space of size 70, disabling steps A) and

B) in Algo. 7. As shown in the inset, the

number of converged eigenvectors dimin-

ishes throughout the hierarchy, resulting

sometimes in a significant dropout at the

finest level. Note that the likeliness of this

behavior appearing is tied to the complexity of the operator.

5.3 Comparison with HSIM [2022]

Unifying the stopping criterion across solvers. A direct compari-

son between our Lanczos-based approach and HSIM or LOBPCG

requires that all methods terminate at eigenpairs of comparable

algebraic quality. We perform our comparisons on lowest eigenpairs

extraction, which represents most of our presented applications. In

this context, our Lanczos iteration runs –following the convention

in ARPACK– on the shift-inverted operator O = (𝐴 − 𝜎𝑀)−1𝑀 in

the 𝑀-inner product (ensuring that output eigenvectors {𝜙𝑖 } are
orthonormal w.r.t this product: ⟨𝜙𝑖 , 𝜙 𝑗 ⟩𝑀 = 𝛿

𝑗

𝑖
), and the residual

quantity 𝛽𝑘 |𝑒𝑇𝑘 𝜉𝑖 | monitored by our termination criterion (Sec. 2.2.2)

corresponds to the𝑀-norm of the generalized residual𝐴 ˆ𝜙𝑖 −𝜆𝑖𝑀 ˆ𝜙𝑖 ,

up to the standard shift-invert amplification factor. HSIM, in con-

trast, advocated measuring the 𝑀−1-norm of the same quantity.

On meshes with highly variable element sizes, the 𝑀-norm and

𝑀−1-norm of a residual can differ by several orders of magnitude.

To eliminate this discrepancy, we use a simple change of variables

𝜓 = 𝑀𝜙 , which transforms the generalized problem 𝐴𝜙 = 𝜆𝑀𝜙

into the standard eigenproblem 𝐴𝑀−1𝜓 = 𝜆𝜓 . This yields the shift-

inverted operator
˜O = 𝑀 (𝐴 − 𝜎𝑀)−1 (= 𝑀O𝑀−1), which is self-

adjoint for the𝑀−1-inner product, ensuring ⟨𝜓𝑖 ,𝜓 𝑗 ⟩𝑀−1 = 𝛿
𝑗

𝑖
. Run-

ning the Lanczos method on
˜O in ⟨·, ·⟩𝑀−1 preserves all algorithmic

properties of the original formulation, but the residual quantity

𝛽𝑘 |𝑒𝑇𝑘 𝜉𝑖 | now corresponds natively to the 𝑀−1-norm of the gener-

alized residual (up to an operator-dependent multiplicative con-

stant). The eigenvectors of the original problem are recovered via

𝜙𝑖 =𝑀−1𝜓𝑖 . Note that ⟨𝜓𝑖 ,𝜓 𝑗 ⟩𝑀−1 = ⟨𝜙𝑖 , 𝜙 𝑗 ⟩𝑀 = 𝛿
𝑗

𝑖
.

With this reformulation, we run our Lanczos iteration to con-

vergence and compute 𝜖𝑖 = ∥𝐴𝜙𝑖 − 𝜆𝑖𝑀𝜙𝑖 ∥𝑀−1/∥𝐴𝜙𝑖 ∥𝑀−1 for each
converged eigenpair. We then set

tolHSIM = tolLOBPCG =max

𝑖
𝜖𝑖 (7)

as the termination threshold passed to HSIM and LOBPCG, ensuring

that those must reach the same algebraic accuracy our method

delivered, measured in its own native metric. The reformulation

makes the comparison like-for-like: both solvers are judged by the

same error functional, evaluated identically.

Improvements made to HSIM. Rather than comparing to the vanilla

HSIM, which uses a specific GMG that under-performs for very large

Table 5. Comparison with HSIM for the Laplace-Beltrami Eigenprob-
lem. V: vertex count; N: eigenvectors requested; SK: size of the Krylov space
used for the experiments. We report timings for the preprocessing Pr and

total Total as in Tab. 1.

Ours AMG Ours GR HSIM-GR

Mesh (V↓) N SK Pr/Total Pr/Total Pr/Total

Blade 10 30 0.2s/9.8s 4.9s/12s 4.9s/13.7s
V=615k 50 110 _ /40.8s _ /35.6s _ /57.4s
𝜏 = 3𝑒−6 150 330 _ /96.9s _/96.7s _/190.9s

250 550 _ /176.2s _/171.5s _/245.6s

letter A 10 30 0.3/29.7 7.3s/28.4s 7.3s/22.4s
V=966k 50 110 _ /99.8s _ /69.8s _ /67.1s
𝜏 = 3𝑒−4 150 330 _ /241.6s _/208.6s _/182.9s

250 550 _ /421.5s _/349.1s _/413.7s

Femur 10 30 0.82s/30.4s 13.2/36.6 13.2s/56.1s
V=1.4M 50 110 _ /119.1s _ /102.8s _ /249.4s
𝜏 = 2𝑒−5 150 330 _ /595s _/566.1s _/1210.5s

250 550 _ /873s _/673s _/crashed

David 10 30 2.2s/97.7s 26.2s/121s 26.8s/271.6
V=2.6M 50 110 _ /350s _ /322s _ /1105s
𝜏 = 4𝑒−7 150 330 _ /904s _/825s _/2624s

250 550 _ /1531s _/1359s _/crashed

meshes, we modified the publicly-available implementation to take

multigrids as input. Additional modifications include:

• We parallelized Step 4 of their Algorithm 1 (SIM).

• To make HSIM work with the Gravo MG, we added a Ty-

chonov regularizer (10
−8
) throughout the hierarchy to the

Galerkin projections of the stiffness and mass matrices, to

ensure numerical stability in the 𝐿𝐷𝐿𝑇 decomposition.

• As our machine does not support CUDA, we replaced the

dense 𝑝 × 𝑝 CUDA eigensolver (Step 7 of Algo. 1) with a

Eigen::GeneralizedEigenSolver, and checked that this part

remained negligible.

We report in Tab. 5 results on Laplace eigenmodes and in Tab. 6

(and Fig. 7) results on eigenmodes of the Hamiltonian
3
operator:[

△ + 𝑡Pot (𝜅21 + 𝜅22)𝑀
]
𝜙 = 𝜆𝑀𝜙. (8)

Analysis. We observed that HSIM did not work in practice with

AMGs. We suspect that the reason for this failure is that AMGs are

built from a specific operator at hand, and using the AMG built from

the non-shifted operator becomes inefficient in their setup, as HSIM

requires shifting spectrally the operators throughout the hierarchy

(Step 12 of their Algorithm 3). This prevented us from running

successfully HSIM on several applications for which we only have

AMGs available (e.g., Secs. 4.2 and 4.4). We also were not able to

extract meaningful vibration modes on surface meshes (Sec. 4.3),

for unclear reasons. One might be that the extracted signals are

vector-valued, and the prolongation matrices we use are Kronecker

products between the GMG prolongation matrices and the 3 × 3

3 (𝜅2
1
+𝜅2

2
)𝑀 is the diagonal matrix with entry given by the integrated total curvature.
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Fig. 7. Eigenvectors of the Hamiltonian operator, for 𝑡Pot = (0.3, 0.7) .

Table 6. Comparison with HSIM for the Hamiltonian Eigenproblem. V: vertex count; N: eigenvectors requested; SK: size of the Krylov space used for the

experiments. We report timings for the preprocessing Pr and total Total as in Tab. 1.

𝑡Pot = 0.3 𝑡Pot = 0.7

Ours AMG Ours GR HSIM-GR Ours AMG Ours GR HSIM-GR

Mesh (V↓) N SK Pr/Total Pr/Total Pr/Total Pr/Total Pr/Total Pr/Total

Seal 10 30 0.06s/8.5s 2.9s/crashed 2.9s/14.8s 0.06s/9.5s 2.9s/crashed 2.9s/19.7s

V=364k 50 110 _ /24.7s _ /_ _ /37.5s _ /31.4s _ /_ _ /34s

𝜏 = 4𝑒−5 150 330 _ /64.4s _/_ _/74.1s _ /82.0s _/_ _/79.3s

Oilpump 10 30 0.08s/11.0s 2.7s/9.7s 2.7s/21.4s 0.08s/8.6s 2.7s/8.1s 2.9s/19.4s
V=401k 50 110 _ /35.8s _ /25.7s _/40.6s _ /32.1s _ /23.3s _/39.1s
𝜏 = 8𝑒−6 150 330 _ /147.7s _/75.3s _/114.9s _ /157.8s _/75.3s _/91.9s

Blade 10 30 0.14s/14.1s 4.9s/14s 4.9s/28.9s 0.14s/13.6s 4.9s/13.9s 4.9s/29.6s
V=615k 50 110 _ /44.3s _ /59.6s _ /59.6s _ /49.0s _ /35.2s _ /51.6s
𝜏 = 4.5𝑒−6 150 330 _ /155.1s _/88.4s _/173.3s _ /159s _/100.1s _/140.6s

Identity matrix (differing from the setup presented in [Nasikun

2022]). This requires further investigation however.

Regarding Laplace eigenmode extraction, we see that both our

approach and our modified HSIM are comparable for meshes up to

1M vertices, but our approach seems faster for larger meshes.

Regarding the Hamiltonian operator, we observe that HSIM is

much more competitive with our method for the settings we tried

(𝑡Pot = (0.3, 0.7)). Looking at the shape of the eigenvectors, we

notice that those exhibit highly-localized sharp transitions, which

may explain why our iterative solver requires more iterations to

converge (as those signals are more complicated to decompose

across geometric frequencies adapted to the multigrid levels). Note

that our approach crashed on the Seal example when using the

Gravo multigrid. We suspect, the reason is that the seal has different

connected components and therefore the proximity clustering, that

is done in Gravo based on a knn tree, might detect a proximity

between nearby points even though they are in a different connected

component. This would render the topology of the MG incompatible

with the one captured in the operator built from the surface.

5.4 Comparison with LOBPCG [2001]

We also compare our method with Locally Block Optimal Precondi-

tioned Conjugate Gradient [Knyazev 2001].We use as a reference the

implementation found in Scipy [Virtanen et al. 2020] and translated

it into our C++ codebase. We modified the termination criterion to

use also the𝑀−1 norm, as in HSIM. As in the comparisons to HSIM,

we ran our method and subsequently measured the relative error in

the𝑀−1 norm. We set this error as the tolerance value.

The comparative results presented in Tab. 7 highlight several

key characteristics regarding the performance and scalability of our

method versus the LOBPCG baseline.
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Table 7. Comparison with LOBPCG for the Laplace-Beltrami Eigen-
problem. V: vertex count; N: eigenvectors requested; SK: size of the Krylov
space. Timings are reported as Pr/Total as in Tab. 1.

Mesh (V↓) N SK Ours AMG Ours GR L-AMG L-GR

Pr/Total Pr/Total Pr/Total Pr/Total

Blade 5 15 0.2s / 7s 4.9s / 10.9s 0.2s /7.1s 4.9s / 14.1s
V=615k 10 30 _/9.8s _/12s _ / 11.7s _ / 19.5s

15 40 _ / 13s _ / 19.7s _ / 52.4 _ / 38.7s

20 50 _ / 17.4s _ / 24.4s _ / 198s _ / 74.5s

letter A 5 15 _ / 12.5s _ / 14.3s 0.3s / 16.2s 6.6s / 18.4s
V=966k 10 30 0.3s/29.7s 7.3s/28.4s _ / 42.4s _ / 27.9s

15 40 _ / 36.8s _ /32.9s _ / 169s _ / 69.1s

20 50 _ / 41.7s _ / 38.3s _ / 1190s _ / 95.4s

Femur 5 15 _ / 22.8s _ / 28.5s 0.8s / 21.4s 12.5s / 30.4s
V=1.4M 10 30 0.8s/30.4s 13.2s/36.6s _ / 44.5s _ / 39.7s

15 40 _ / 56.6s _ / 53.2s _ / 202.9s _ / 95.9s

20 50 _ / 70.2s _ / 64.7s _ /���30min _ / 149.5s

David 5 15 _ / 67.2s _ / 68.9s 2.3s / 49.2s 25.8s / 66.7s

V=2.6M 10 30 2.2s/97.7s 26.2s/121s _ / 182.3s _ / 113.4s

15 40 _ / 137.3s _ / 122.2s _ / 258s _ / 162s

20 50 _ / 171s _ / 152.2s _ /���30min _ / 256s

Scalability. A primary observation regards the behavior of the

solvers as the number of requested eigenvectors 𝑁 increases. For

a very small number of eigenpairs (𝑁 = 5), LOBPCG is highly

competitive, often matching or slightly exceeding the performance

of our method (e.g., on the David mesh). However, as 𝑁 grows to 20,

LOBPCG exhibits a non-linear increase in computation time. For

instance, on the David mesh, our Gravo-based method scales from

68.9s to 152.2s (2.2× increase) when moving from 𝑁 = 5 to 𝑁 = 20,

whereas LOBPCG-GR moves from 66.7s to 256s (3.8× increase), and

LOBPCG-AMG fails to converge within the 30-minute limit.

Preconditioner Efficiency. The data confirms that the choice of

preconditioner is critical for LOBPCG [Benner and Mach 2011].

Interestingly, while AMG provides a strong start for small 𝑁 , the

GMG demonstrates superior robustness for larger values of 𝑁 . This

is particularly evident on the letter A and Femur models, where

LOBPCG-GR consistently outperforms LOBPCG-AMG for 𝑁 ≥ 15.

5.5 Failed experiments & Choice of solver.

We have tested several iterative solvers, to see which are better

suited for the several problems we studied. We noticed that ill-

conditioned problems featuring non-trivial kernels (dim > 1) proved

particularly challenging. We report here three different failed at-

tempts at using our multiscale solver:

• computing vibration modes for the free elasticity problem (ie,

without any pinning – Sec. 4.3);

• computing eigenmodes of the Surface Hessian energy on

triangle meshes with open boundaries [Stein et al. 2018];

• computing eigenmodes of the 1-form Laplacian [Fisher et al.

2007] for direction field design on surface triangle meshes.

The use of iterative solvers for the free elasticity problem has been

largely documented in the scientific literature, and this problem is

known to be difficult.

Regarding the second case, we were surprised by the instability

shown by CG/BiCGStab solvers, considering that this operator’s

eigenvectors have the same smoothness properties as the Laplace-

Beltrami operator, with only their natural boundary conditions

differing. We believe these issues stem from the fact that this opera-

tor has an increasing number of non-trivial kernel vectors as the

number of open boundaries in the mesh grows.

Regarding the third case, while

we were able to compute eigen-

modes of the 1-form Laplacian

(see inset), our solver was consis-

tently outperformed by our IRL-

Cholesky baseline, due to the poor

convergence rate obtained with the

BiCGStab solver. A possible direction for future work would be to

develop a more efficient preconditioner for the 1-form Laplacian

based on operator adapted wavelets, cf. [Budninsky et al. 2019]. There
is a rich literature on the use of iterative solvers for ill-conditioned

problems [Chen et al. 2021; Saad 2003]. An important direction for

future work is to study whether more stable solvers can be used

off-the-shelf with our approach, or whether their use in a multiscale

setup requires deeper analysis.

5.6 Choice of MG scheme.

We observe that the ideal choice of MG type (AMG, GMG) is highly

application-dependent. While our work was originally designed

upon the intuition that GMGs would be ideal candidates for prop-

agating Lanczos signals, we observed that the use of AMGs led to

competitive performance across a variety of applications in practice.

Our current elasticity hierarchy for GMGs is constructed via a

Kronecker-product extension of scalar MG operators. While this ap-

proach is translation-preserving and easy to implement, it does not

explicitly preserve rotational invariance and therefore fails to main-

tain the full elastic near-kernel on coarse levels. Many works address

elasticity-aware coarsening and homogenization strategies [Chen

et al. 2019; Kharevych et al. 2009], and building a MG hierarchy

based on these ideas may lead to more robust elasticity solvers; in-

vestigating their effectiveness in our setting is left for future work.

5.7 GPU acceleration.

The core of our method should be possible to parallelize on the GPU

for simple iterative solvers (eg., Conjugate Gradient with a damped

Jacobi MG preconditioner), as it requires essentially:

(1) sparse matrix-vector products to prolongate signals,

(2) damped Jacobi iterations, which are embarrassingly parallel,

(3) dense vector-vector dot products at the core of the Conjugate

Gradient iteration, which are not too difficult to parallelize.

The use of more complex solvers might prove necessary for very

challenging problems, and it is unclear to us how those solvers could

be parallelized on the GPU. Nevertheless, we believe that speeding-

up significantly the eigenvector extraction of simpler problems such

as the Laplace-Beltrami operator, spectral isosurfacing or the com-

putation of pinned-down vibration modes, would find applications

in interactive Geometry Processing of large meshes.
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5.8 MG-accelerated Arnoldi iterations

We have targeted the case of SPD matrices, and have extended the

Implicitly-Restarted Lanczos Method to a multiscale computation

setup. To be able to handle general (in particular, non-symmetric)

matrices, we would have to extend the Arnoldi iterative algorithm

instead, which differs mainly from the Lanczos method in that the

Arnolid recurrence gives rise to an upper Hessenberg matrix (𝐻𝑖 𝑗 =

0 ∀𝑖 > 𝑗 + 1) instead of a simpler tridiagonal matrix 𝑇 as in Eq. (2).

Our strategy could be in principle used on Arnoldi iterations.

Studying whether the resulting warm-start vectors can be of help

to accelerate iterative solvers (e.g GMRES with a multigrid precon-

ditioner) used in the Arnoldi iteration is an interesting future work,

which would extend the applicability of our method to the efficient

general eigenvector extraction of a larger class of matrix pairs.

5.9 Conclusion

We introduced a scalable multiscale algorithm for extracting eigen-

functions arising in large-scale geometric problems. Our experi-

ments show that the method applies robustly across a range of

applications, including operators with different sparsity patterns,

discretizations, and conditioning regimes.

When a direct Cholesky factorization is feasible and inexpensive,

such approaches remain competitive and are often preferable due

to their simplicity and reliability. However, for problem sizes where

direct methods become prohibitively costly in terms of memory or

preprocessing time, our approach provides an effective alternative.

Compared to a naïve multiscale strategy in which a standard

eigensolver is combined with a multigrid-preconditioned linear

solver, our method exhibits more reliable convergence and improved

numerical behavior in practice. By incorporating multiscale struc-

ture directly into the eigensolver rather than treating multigrid

solely as a black-box accelerator, we obtain a more effective use of

the hierarchy, particularly for challenging large-scale problems.

Our results indicate that multiscale eigensolvers are a promis-

ing direction for geometric processing tasks at scale. Further im-

provements—especially in the design of hierarchy construction and

operator coarsening, remain an important avenue for future work.
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