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Abstract

Discrete Exterior Calculus (DEC) has emerged as a key tool for the structure-preserving discretiza-
tion of differential forms, proving vital in fields such as computational fluid dynamics, electromag-
netism, and geometry processing. By maintaining the underlying geometric and topological prop-
erties of physical systems, DEC ensures numerical and physical fidelity. However, traditional DEC
is restricted to scalar-valued forms. This limitation is significant, as many fundamental theories in
physics and geometry, including general relativity, non-linear elasticity, and Yang-Mills gauge theo-
ries, are naturally formulated using bundle-valued difterential forms and their associated covariant
operators.

This thesis bridges that gap by extending the DEC framework to the bundle-valued setting. In
the first part, we investigate the special case of connections on simplicial 2-manifolds, addressing
the challenge of representing curvature and torsion consistently in a discrete environment. We
introduce a modified discrete Levi-Civita connection and a corresponding discrete representation
of the torsion 2-form, demonstrating their utility within a geometry processing pipeline.

In the second part, we develop a general framework for discrete bundle-valued exterior calculus.
A central contribution is the formalization of integration for bundle-valued forms by leveraging
the interplay between connections and retractions. This theoretical foundation enables a rigor-
ous discretization scheme that induces discrete bundle-valued forms directly from their smooth
counterparts. Building on this integration theory, we introduce a novel discrete exterior covariant
derivative. We demonstrate that this operator converges to its continuous counterpart under mesh
refinement, overcoming limitations in prior research. Furthermore, we show that the Bianchi
identities are satisfied in an exact combinatorial sense and hold true in the limit. In addition, we
establish that core properties of the continuous theory, such as naturality and Whitney interpo-
lation, are preserved within our framework. Finally, we demonstrate that the presented construc-
tions are not limited to simplicial complexes, but extend to a broader class of non-simplicial cells.






Resumé

Le calcul extérieur discret (DEC) s’est imposé au cours des deux dernieres décennies comme un
cadre fondamental pour la discrétisation structure-préservante des formes diftérentielles. En sappuyant
sur une correspondance précise entre les structures combinatoires et les structures différentielles,
le DEC permet de préserver au niveau discret des identités topologiques essentielles — telles que
Pidentité d2 = 0 et le théoréme de Stokes —, garantissant ainsi la fidélité géométrique et physique.
Ces propriétés structurelles en font un outil central dans des domaines tels que la méchanique des
fluides numérique, I'électromagnétisme et la géométrie diftérentielle discréte. Cependant, le DEC
traditionnel est limité aux formes a valeurs scalaires. Cette restriction constitue une limitation ma-
jeure, car de nombreuses théories fondamentales en physique et en géométrie — notamment la rel-
ativité générale, I'¢lasticité non linéaire et les théories de jauge de Yang-Mills — sont naturellement
formulées a 'aide de formes différentielles a valeurs dans un fibré vectoriel, muni d’une connex-
ion et d’une dérivée extérieure covariante. L'absence d’un cadre discret cohérent pour ces objets
empéche une discrétisation géométriquement fidele de ces théories.

Cette these comble cette lacune en étendant le DEC au cadre des fibrés vectoriels. Dans la pre-
miere partie, nous étudions le cas particulier des connexions sur les variétés simpliciales de dimen-
sion deux, en abordant le défi que constitue la représentation cohérente de la courbure et de la
torsion dans un cadre discret. Nous présentons une version discrete modifiée de la connexion
de Levi-Civita sur des maillages, qui constitue une meilleure approximation de la connexion de
Levi-Civita de la variété lisse sous raffinement du maillage. La torsion d’une connexion est une
2-forme 4 valeurs dans le fibré tangent. Pour traiter la torsion de maniére discrete, nous exploitons
le fait que, sur les variétés de dimension deusx, il existe des isomorphismes explicites entre les 2-
formes différentielles a valeurs dans le fibré tangent, les champs vectoriels et les 1-formes scalaires.
Nous utilisons ensuite un calcul extérieur discret scalaire appliqué aux 1-formes pour analyser et
controdler la torsion et la courbure d’une connexion de maniére systématique. Nous analysons le
comportement numérique de ces constructions, qui sont intégrées dans un pipeline de traitement
géométrique pour des applications telles que la conception de champs de directions, la génération
de motifs a rayures ainsi que des méthodes telles que la méthode de la chaleur vectorielle.

Dans la deuxiéme partie de cette these, nous développons un cadre général pour le calcul extérieur
discret a valeurs dans un fibré. Nous commengons par donner un apercu de la théorie continue des
formes diftérentielles a valeurs dans un fibré vectoriel. Nous présentons ensuite un schéma combi-
natoire pour les formes différentielles discretes a valeurs dans un fibré vectoriel. Nous mettons en-
suite cette description abstraite en relation avec les formes différentielles continues définies sur un
fibré vectoriel. Létape décisive consiste a formaliser une notion d’intégration adaptée aux formes a
valeurs dans un fibré. Contrairement au cas scalaire, I'intégration de telles formes nécessite un mé-
canisme permettant de comparer différentes fibres. Nous montrons que cette comparaison peut
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étre effectuée de maniére naturelle en utilisant 'interaction entre les connexions et les rétractions.
Cette construction fournit un principe canonique qui permet de déduire des cochaines discretes
directement a partir de formes différentielles lisses a valeurs dans un fibré vectoriel. Sur cette base,
nous introduisons une nouvelle dérivée extérieure covariante discreéte. Nous montrons que cet
opérateur converge vers son homologue continu sous raffinement du maillage, résolvant ainsi les
problemes de cohérence observés dans les approches antérieures. Nous établissons également que
la courbure discréte obtenue a partir de cette dérivée est compatible, au sens de la convergence, avec
la courbure lisse associée 4 la connexion continue sous-jacente. Un résultat central de cette deux-
ieme partie est la satisfaction exacte des identités de Bianchi au niveau combinatoire. Nous mon-
trons que ces identités, formulées dans le cadre discret, sont vérifiées exactement. De plus, nous
prouvons que I'identité algébrique de Bianchi reste valable  la limite lorsque I'on affine le mail-
lage. Par ailleurs, nous démontrons que les propriétés structurelles fondamentales de la théorie
continue - telles que la naturalité, la compatibilité avec les morphismes de fibrés et I'interpolation
de Whitney — sont préservées dans notre cadre discret.

Enfin, nous démontrons que nos constructions ne se limitent pas aux complexes simpliciaux,
mais sétendent a une classe plus large de complexes cellulaires non simpliciaux, €élargissant ainsi
le champ d’application du cadre proposé.
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List of Symbols

Smooth Manifolds
Symbol Description
M A smooth manifold.
QK(M) The space of smooth, scalar-valued differential k-forms on M.
d Exterior derivative for scalar-valued forms.
A Wedge product for scalar-valued forms.
ok k-dimensional simplex.
s A region in the smooth manifold M diffeomorphic to simplex o
P Diffeomorphism mapping reference simplex into M.
Csr Com Center of mass of a simplex s or a face m.

Smooth Vector Bundles and Connections

Symbol Description

n:E—->M Smooth vector bundle over M.

E, Fiber atp € M.

I'(E) The space of smooth global sections of the bundle E.

QFM,E ) The space of vector bundle-valued k-forms (taking values in E).
QF(M,End(E))  The space of endomorphism-valued k-forms (taking values in End(E)).
\% Connection on the vector bundle E.

dv Smooth exterior covariant derivative induced by V.

w Smooth connection 1-form, representing V locally in a chosen frame.
Qv Smooth curvature 2-form.

P, The continuous parallel transport operator along a curve y.
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List of Symbols

Discrete Bundle-Valued Calculus

Symbol Description
Rij Discrete parallel transport mapping Evj —E,.
Rjj Matrix representation of IR; j-
wjj Discrete connection 1-form (R;; —1d).
Qv Discrete curvature 2-form on o at v.
0,7 Reference simplex and its specified base vertex.
fVvo Parallel-Propagated Frame (PPF) at vy.
RYvo Gauge transformation into the PPF at v.
aVvo Coordinate representation of ¢ in the PPF at v.
(Z Connection-dependent integral with a retraction onto v.
»Y Sided discrete exterior covariant derivative.
AltY Alternation operator for combinatorial averaging.
av Alternated discrete exterior covariant derivative (Alt' dV).
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I Introduction

Many problems in geometry processing, computational physics, and applied geometry require the
discretization of differential operators on curved domains. Typical examples include the computa-
tion of fluxes, circulations, and conservation laws on surfaces or volumetric meshes. In the smooth
setting, such quantities are naturally expressed in a coordinate-free way using differential forms
and their exterior derivative. Preserving their structure in a discretization is essential for numerical
robustness, stability, and physical fidelity [MRo2].

Discrete exterior calculus (DEC) [Hiros, [DKTo8|| has emerged as a principled framework for
achieving this goal. By representing differential forms through integrals over mesh elements and
defining discrete differentiation via incidence relations, DEC reproduces Stokes’ theorem and the
algebraic structure of the de Rham complex exactly at the discrete level [Boso8] This structure-
preserving property has led to a wide range of successful applications in geometry processing [?]
and computational physics, where discrete operators inherit conservation laws and topological
invariants from their smooth counterparts.

However, to date, far less attention has been dedicated to the discretization of differential
forms with values in a vector bundle — even if Cartan’s original work [Car23] made extensive use
of such bundle-valued forms. One obvious difficulty is that bundle-valued forms do not seamlessly
admit a simple discretization: indeed, the mere pointwise expression of a bundle-valued form re-
quires a pointwise fiber, making it difficult to properly define a discrete counterpart to the exterior
covariant derivative where the integration over a domain can only be achieved in a common fiber.
An exception is the case of discrete connections on two-dimensional surfaces, which has garnered
significant interest in vector field processing [CDS10,[DGBD20] to define parallel transport and
connection curvature for instance; but this 2D case can be handled with connections that are seen
as angle-valued forms (since 2D rotations are commutative) once a section of the frame bundle has
been chosen, while the general case requires the use of discrete forms with values in the group of
rotation matrices, bringing significant difficulties due in part to their non-commutativity.

Yet, the use of connection curvature is key in fields such as Yang-Mills theory and relativity
[Eini6] in computational physics, since it provides an invariant, frame-independent measure. It
is therefore natural to hope that the development of structure-preserving discretizations of the
exterior calculus of bundle-valued forms can be beneficial for a wide range of numerical endeavors.
At present, there is no general formal, readily-computable, discrete analogue of this construction
that both preserves the underlying geometric structure and converges under mesh refinement.

The aim of this thesis is to address this gap. We develop a discrete exterior calculus for bundle-
valued differential forms that extends the structure-preserving philosophy of DEC beyond the
scalar valued setting. Our focus lies on simplicial meshes and operators that admita clear geometric
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interpretation, integrate naturally into geometry processing pipelines, and provably converge to
their smooth counterparts.

In the first part of this thesis, we review the mathematical foundations of vector bundles,
smooth exterior calculus, and discrete exterior calculus. Building on this background, we then
investigate torsion and curvature for discrete connections on surfaces. This work was carried out
in collaboration with Mark Gillespie, Yiying Tong, and Mathieu Desbrun, and was published in
ACM Transactions on Graphics [BGTDa2s|. In the second part, we introduce a general frame-
work for discrete bundle-valued exterior calculus. This framework was developed in collabora-
tion with Frangois Gay-Balmaz, Yiying Tong, and Mathieu Desbrun, and is publicly available on
arXiv [BTGBD2s|.

1.1 Differential Forms as Measurements

We begin by recalling the interpretation of difterential forms as , ,
Work in a Force Field along a Path

measurements on oriented geometric objects, emphasizing the

perspective that underlies discrete exterior calculus. We refer xb>
to [AMR88] as a reference for the following review of exterior cal- X/
culus.
<>
Vg

Let us consider a classical problem from mechanics. Suppose
that M is a smooth manifold and that we are given a vector field x>
V on M. Formally a vector field is a smooth section of the zan-

gent bundle TM = | | peM Tp M, the disjoint union of all tangent Covector Field / Differential 1-Form
planes at points in p € M, that s, an assignment p Vp € Tp./\/l

varying smoothly with p. We write V € TT M. <>
What is the work performed by V' when moving an object />

along a smooth curve y: [0,1] — M? Assuming we are given </>

a metric (-, -) on T M, the work can be expressed as X/~

Wi(y) = f V). x>
V4

A closer inspection reveals that, at each point y(t), the primary

object of interest is not V()(t)), but rather the action that this

vector has on the current tangent direction, i.e (V()(t)), ). Mathematically, the (linear) action
of a vector on another vector is given by an element in the dual space.

Mathematically, the linear action of a vector on another vector is given by an element in the
dual space — for each point p € M, the cotangent space T M is defined as the dual of the tangent
space T, M, that is, the space of linear maps T, M — IR. Collecting these spaces across M yields
the cotangent bundle T*M = |_| e ps-

This observation reflects a general principle in physics: for vector fields such as velocity fields,
force fields, or electric fields, what matters is how the field acts on an object moving through the
space (or more generally spacetime), rather than the vector alone.

This perspective suggests a reformulation: Instead of assigning to each point p € M a vec-




1.I Differential Forms as Measurements

tor V,, € T, M, we may equivalently consider the associated covector, this is what we refer to as a

differential 1-form.

Definition r.x (Differential 1-form and Musical Isomorphism). Lez M be a smooth manifold.
We call a section a € T'T* M through the cotangent bundle a difterential 1-form. We denote
the space of differential r-forms on M with QY (M). In addition, if we are given a metric g, it

induces the canonical isomorphisms
b TM > QY M) v g(v, ), and B QY (M) > TM: a =" v,

which we refer to as the musical isomorphisms.

Any differential 1-form a € Q! (M) introduces a measurement on curves. Given any (piece-
wise) smooth curve y € C! (M), we can define the action of the differential form on y via

a:C'(M) > R: y — J a= f ay, [y (t)]dt.
Y (0,1]

We note that when we concatenate two curves, the action on the two curves is summed. Similarly,
when reversing the orientation of a curve, we simply flip the sign of the induced action.

Formally a differential form of degree k is defined as follows:

Definition 1.2 (Differential k-forms). Lez k > 0. The k-th exterior power Ak of a vector
space V' is the space of alternating k-linear maps

w: Vx---xV >R
~———

k times

A differential k-form on a smooth manifold M is a smooth section of the bundle AXT* M.
We denote the space of differential k-forms by QX(M). Given an evaluation point p € M
and an ordered set of tangent vectors fields s = v, ..., vx € T,M|, we denote by wp[s] =
a)p[vo, ..., Vi | the evaluation of w on the stencil s = [vy, ..., vg].

The wedge product. The wedge product is a bilinear operation that combines differential
forms while enforcing antisymmetry. For 1-forms a, f € Q! (M), the wedge product a A B €
Q2%(M) is defined pointwise by

(@ A B)(v1,v2) = a(vy)B(vy) — a(vy)B(vy),

for all tangent vectors vy, v;.

More generally, the wedge product of a k-form and an £-form yields a (k +¢)-form that is mul-
tilinear and alternating: given & € Q% (M) and g € QY (M), the (k+¢)-form a A p € QF+E(M) is

4
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the antisymmetrization of the tensor product of the two forms, i.e., forall Xy,..., Xj, € T(TM),

aAB(Xy,..., Xyye) = mAlt(a ®B) (X1 r Xkre)

1
= k=01 Z sgn(0)a(Xo (1) - Xo (k) B(Xo (k1) -+ Xo(kse41)),
(rr1)

0€Sk+e

where Sy, ¢ denotes the permutation of (k+¢) indices.

Local representation. If ¢ = (xy,...,x,) is alocal coordinate chart on M, then the differen-
tials (dxy,...,dx,) form abasis of the cotangent space T; M ateach point p € M. Any differential

k-form a € QK (M) can therefore be written locally as

w = Z Wi, iy dx A Adx'™,

1<i) << <n

Integration of differential k-forms We briefly recall the classical construction of integration
for scalar-valued differential forms on smooth manifolds, in order to fix notation and provide a
reference point for the bundle-valued generalization discussed later.

Definition 1.3. Let M be a smooth n-dimensional manifold and let & € QF(M). The sup-
portof a is defined as
supp(a) = {p € M| a, = 0}.

Throughout this section, we restrict attention to compactly-supported differential forms. This
is a mild assumption for our purposes, since most applications considered in this thesis involve dif-
ferential forms defined on compact manifolds.

Given a compactly-supported differential form and a local coordinate chart, we may define
the integral of the form locally as follows.

Definition and Theorem 1.4. Let M be an n-dimensional manifold and let a € Q" (M) be
a compactly supported differential form. Let U C R" and V' C M be open sets such that there
exists a coordinate chart = (x1,...,x,): U — V. Denote by (0xy, ..., 0x,,) the induced local
frame of the tangent bundle.

The integral of o over V' is defined by

f a =f g (p)[0x1(p),- -, 9xu(p) ] dpme(p).
\%4 U

This definition is independent of the chosen coordinate chart: if = (y1,...,v,): U — V is
another coordinate chart, then

L ()| 0%1(p) -, 9%,(p)] d e (p) = L ay()|991(P), - 99u(p)| i (p). (11.2)
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Proof. See [AMRSS, Proposition 7.5]. O

The above construction defines integration locally in a single chart. To extend this definition
to the entire manifold, we employ partitions of unity.

Definition 1.5. Let M be a smooth n-dimensional manifold. An atlas of M is a collection of
charts A ={¢p;: U; = V;}such that
M= U V..
i

Definition 1.6. A partition of unity on a smooth manifold M consists of a_family {(V;, g;)}
such that:

1. {Vi}isa locally finite open covering of M,
2. g € C®°(M), with g; > 0 and supp(g;) C Vi,
3. forallp € M, it holds that ) ; g;(p) = 1.
If A= {(V}, )} is an atlas of M, a partition of unity {(V}, &;)} is said to be subordinate o

A if foreach V; there exists Vi € Asuch that V| C V;. A manifold is said to admit a partition
of unity if every atlas admits a subordinate partition of unity.

With these notions in place, the global integral of a compactly-supported differential form is
defined as follows.

Definition 1.7. Let M be a smooth n-dimensional manifold admitting a partition of unity
{(Vi, &)} Let o € QY (M) be a compactly supported differential form. The integral of a over

M is defined by
a = ga.
Joom ),

For a detailed proof that this definition is well defined and independent of the chosen partition
of unity, see [AMRSS8, Proposition 7.1.6].

Differential Forms as Measurements In the discussion above, we recalled that differential 1-
forms can be interpreted as linear functionals acting on tangent vectors and, upon integration, as
measurements of work performed along oriented curves. This interpretation naturally extends to

differential forms of higher degree.

For instance, in fluid mechanics one is often interested in the flux of a velocity field through
an oriented surface patch. Unlike the work done along a curve, such a quantity depends on two
independent tangent directions at each point and changes sign when the orientation of the sur-
face is reversed. Consequently, flux is naturally modeled by a differential 2-form, whose evalu-
ation encodes both magnitude and orientation. More generally, given an oriented, embedded

6
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Flux

Figure 1.1: Flux as Scalar Valued Differential Form. A vector field V' induces a measurement
on oriented surface patches by evaluating the flux of V' through the patch. This measurement is
naturally modeled by a differential 2-form, whose evaluation encodes both magnitude and orien-
tation.

k-dimensional manifold 0 € M, a differential k-form @ € QF(M) can be integrated over o,
yielding a scalar quantity that depends only on the oriented geometry of 0. From this perspective,
differential k-forms may be viewed as measurements of oriented k-dimensional content.

This viewpoint is particularly well suited for discretization: k-forms naturally pair with k-
dimensional geometric objects, such as edges, faces, and volumes, and their integrals represent
intrinsic quantities associated with these oriented elements. As such, differential forms provide a
natural language for describing measurements on both smooth and discrete domains.

1.2 Exterior Derivative and Stokes’ Theorem

Having interpreted differential forms as measurements on oriented domains, a natural question
arises: how do such measurements change? In physical terms, this corresponds to questions such
as: how does the circulation of a vector field vary across a surface, or how does the flux through
a surface change within a volume? In classical vector calculus, these questions are answered by
operators such as the gradient, curl, and divergence.

The exterior derivative provides a unified and coordinate-free generalization of these notions.
Rather than introducing separate differential operators for each type of quantity, the exterior
derivative acts uniformly on differential forms of arbitrary degree.

Definition 1.8 (Exterior derivative). Let M be a smooth manifold. The exterior derivative 7s
a linear operator

d: QK(M) - QL (m),
defined for all k > 0, which satisfies the following properties:

1. For a smooth function f € QO(M), the exterior derivative d f coincides with the differ-




1.3 Discrete Exterior Calculus

ential of f.
2. d is graded linear and obeys the graded Leibniz rule

dlaAB)=daAB+(-1)fandp, acQfM).

3.d*=0.

The action of the exterior derivative can be interpreted as follows. If a differential k-form measures
oriented k-dimensional content, then its exterior derivative measures how this content accumu-
lates on the boundary of a (k + 1)-dimensional region. In this sense, the exterior derivative relates
measurements on a domain to measurements on its boundary.

Theorem 1.9 (Stokes’ theorem). Let M be an oriented smooth manifold and let (3 C M be
a compact, oriented (k + 1)-dimensional submanifold with boundary dQ). For any differential
k-form w € Qk(M ), the following identity holds:

fdwzf w.
Q Q)

Stokes’ theorem subsumes many classical integral theorems of vector calculus as special cases, in-
cluding the fundamental theorem of calculus, Green’s theorem, the classical Stokes theorem, and
the divergence theorem.

The exterior derivative organizes differential forms into a sequence of linear spaces connected
by structure-preserving operators. Together with the property d 2 = 0, this yields the de Rbham

complex
d d

0—0'M Lol m Lol L . L anm) —o, (1.2.1)
where n = dim M. The exactness properties of this complex encode fundamental topological
information about the manifold and underlie many conservation laws in physics. From the per-
spective adopted here, the de Rham complex expresses a compatibility between integration, dif-
ferentiation, and orientation that is entirely independent of coordinates.

1.3 Discrete Exterior Calculus

We now review the core ideas of discrete exte-
rior calculus, focusing on the aspects that will
later be extended to bundle-valued forms. A
key feature of differential forms is that they in-
duce an action on oriented domains through
integration. This observation suggests a nat-
ural discretization strategy: rather than dis-

cretizing pointwise values of fields, one may
discretize the integrals of differential forms
over a finite collection of domains. This approach is particularly well suited to triangulated mani-
folds, where the geometry is represented by a finite set of simplices of varying dimension.
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Let M be an oriented cellular complex. We denote by Cx. (M) the vector space of formal linear
combinations of oriented k-cells, called k-chains. The boundary operator

d: Cx(M) = Cx_1 (M)

maps each oriented k—cell to the alternating sum of its oriented boundary (k — 1)-cells. A funda-
mental property of the boundary operator is that 2% =0, reflecting the fact that the boundary of
a boundary vanishes.

Discrete differential forms arise naturally as linear functionals on chains.

Definition r.xo (Discrete differential forms). A discrete k-form on M is a linear map
w: C (M) > R
The space of discrete k-forms is therefore the dual space
CK(M) := Hom(Ci (M), R),

whose elements are referred to as k-cochains.

Equivalently, a discrete k-form assigns a single scalar value to each oriented k-simplex. This
value may be interpreted as the integral of an underlying smooth k-form over that simplex. Revers-
ing the orientation of the simplex changes the sign of the assigned value, mirroring the orientation
dependence of smooth differential forms.

The discrete analogue of the exterior derivative is defined by duality with the boundary oper-
ator.

Definition r.1x (Coboundary operator). The coboundary operator
d: ck(M) — (M)

is defined by
(dw,c):=(w,dc) forallceCx (M),

where (-, -) denotes the natural pairing between chains and cochains.

This definition immediately implies two fundamental prop-
erties. First, the coboundary operator satisfies

since @2 = 0. Thus, discrete differential forms assemble into the
discrete de Rbam complex

0— 'Lt Leron L. L ey —o.

(r3.1)
Second, the defining relation of d}, is precisely a discrete form
of Stokes’ theorem: the integral of a discrete (k + 1)-form over a

Cancellation!
(da, 7 +0) = (a,0(T + 7))




1.4 Bundle-Valued Differential Forms

(k + 1)-simplex is equal to the sum of the integrals of the corre-

sponding k-form over its oriented boundary faces. In this sense,

the fundamental compatibility between differentiation and integration is preserved exactly at the
discrete level.

This summary of DEC is by far not complete. For a detailed discusson of discrete wedge prod-
ucts, Lie derivative or Hodge Star operators we refer to [Hiros,[DHLMos].

1.4 Bundle-Valued Differential Forms

Up to this point, we have restricted our attention to differential forms that take values in the real
numbers. This scalar-valued setting already captures a wide range of geometric and physical quan-
tities, such as work along curves or flux through surfaces, and it is precisely the regime in which
discrete exterior calculus has proven most successful. However, many fundamental objects in ge-
ometry and physics are not scalar-valued. In Cartan’s original formulation of differential geometry,
differential forms are frequently bundle-valued, taking values in a vector bundle rather than in R.

A first example arises in continuum mechanics. In elasticity, the stress exerted by a deforming
body can be probed by considering an oriented surface element and asking for the force acting
across it. Reversing the orientation of the surface reverses the sign of the force, yet the quantity
being measured is a vector rather than a scalar. Such objects are naturally modeled as vector-valued

o —

Deform /—> \/V
/\A

Stress as (Co)-Vector valued 2-Form

Figure 1.2: Stress as a Vector-Valued Differential Form. The stress generated by a deforming
body can be probed by selecting an oriented surface element and measuring the force transmitted
across it. This measurement is naturally modeled by a vector-valued differential 2-form, whose
evaluation on an oriented surface element encodes both the magnitude and the direction of the
transmitted force. In this example, the displacement field corresponds to the third nontrivial eigen-
mode of a linear elasticity energy defined on the body. For the test parallelogram shown in the top
right, no force is transmitted across the surface, and the stress form therefore evaluates to zero on
this stencil. In contrast, for the test parallelogram in the bottom right, a nonzero component of
force acts across the surface. We visualize the unit normal of the test surface in black and the value
of the stress 2-form in red.

differential 2-forms, a viewpoint that has been adopted in several geometric formulations of elas-
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ticity [KAT o7, [WNC23, RBC"23|]. This example already illustrates a fundamental departure
from the scalar setting: measurements now take values in a vector space that varies from point to
point.

An even more intrinsic example is provided by the solder form. On a smooth manifold M, the
solder form is a canonical 1-form defined on the tangent bundle and taking values in the tangent
bundle itself. At each point, it acts by

0(X) =X,

that is, it identifies a tangent vector with itself. While this definition appears tautological at first
glance, the importance of the solder form lies in its role within Cartan’s calculus, where it medi-
ates between abstract differential forms and geometric directions on the manifold. Unlike scalar-
valued forms, the solder form takes values in the tangent bundle, and any attempt to differentiate
it necessarily involves comparing vectors that live in different tangent spaces.

This observation marks a fundamental departure from the scalar setting. Whereas the exte-
rior derivative of a scalar-valued form is defined intrinsically, the differentiation of a bundle-valued
form requires additional geometric structure specifying how values in different fibers are related.
Only once such a rule is prescribed does differentiation become meaningful. In the smooth the-
ory, this leads to the exterior covariant derivative, and geometric quantities such as torsion arise
naturally from this construction.

These considerations highlight the limitations of scalar discrete exterior calculus and motivate
the development of a discrete theory for bundle-valued differential forms. Before addressing the
discrete setting, we first review the corresponding smooth geometric framework, emphasizing the
structures and identities that will later guide our discretization.

L5 Smooth Theory of Connections

To prepare for a discrete extension, we next review the smooth theory of bundle-valued differential
forms and connections. We begin by first reviewing the geometric concepts that we will discretize,
highlighting the properties we wish to preserve in the discrete realm.

1.5.1 Preliminaries

In the study of an n-dimensional manifold M, we often encounter a vector bundle 7t : E — M,
and a local trivialization ¢ : E|yy — U x R" with U C M being an open subset. This provides
us with a local frame field {fi, ..., f,} on U associated with the canonical basis {ey, ..., e,} of R"
given by f,(x) = ¢! (x, e,) for each point x € U. If we switch to another local trivialization
¢:nY(U)=E |7 — U xR" (where U is another open subset of M), the resulting local frame
{E} relates to the local frame {f,} via a matrix of change of bases A : U N U — GL(r). Using the

Einstein summation convention, we have

fo=HAL. (L5.1)

For a section s € I'(E) of the vector bundle (i.e., an assignment for each point p € M of a vector
s(p) in the point’s fiber =1 (p)), which we can express locally as s = f,5% = £,5%, the components

II
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5% and s” are, instead, related through

5= Agst.

Connection.  Given a vector bundle 7t : E— M, a connection V is a bilinear map

V:I(TM)xI'(E) — I'(E) such that for g € C*(M),s € I'(E), and X € I'(T M), we have

(i) Vx(gs)=gVxs+dg(X)s (i.e., it satisfies Leibniz Rule)

(i) Vigx)s=gVxs. (i.e., itis tensorial in X)

In local frames, where s = f,5%, we can write Vs = f, ® (ds* + szb), ie.,
Vxs = folds"(X) + wj(X)s"), (15.2)

forall X € T(T M), where w € Q' (U, gl(r)) is the local connection 1—form given by V£, = f, a)g.
Here gl denotes the Lie algebra of the Lie group GL(r). Using Equation we can express
the change of the local connection 1—form @ for another local trivialization through the gange
transformation:

w=AT"TA+A'dA & T=AwA'1-dAA"L (15.3)
This relationship between the local connection one-forms is central to the understanding of the
behavior of the connection under changes of local trivializations.

A connection V on the vector bundle 7t : E — M naturally induces a connection VEnd o1 the
endomorphism bundle End(E) — M, whose fiber at p is the space End(E,) = Hom(E,, E,) of
endomorphisms of E,,. It is defined by enforcing the Leibniz rule on L(x),

(VRML)(s) := Vx(L(s) - L(Vxs), (15.4)

forall L e T(End(E)).

Pullback connection.  Given asmooth map W: M — A between two manifolds and a vector
bundle 7t : E — N over N, we can define the pullback bundle as 7’ : W*E — M, (W*E), :=
Ey p). Given a connection V on E, we want to equip the pullback bundle with a pullback con-
nection W*V such that, for any given section s € I'E, we have

(W'V)P*s = W*(Vs).

Such a connection exists and is called the pullback connection. We refer the reader to [MS74] for
the proof of its existence and uniqueness.

Parallel transport. Parallel transport is a fundamental concept in differential geometry and
plays a key role in understanding the geometry of manifolds. Given a curve y : [0,1] - M and a
vector vg € Ey(g) in the fiber at (0), parallel transport along  is the process of transporting vg
to Y (t) while maintaining its direction in the vector bundle.

The resulting vector at p(f) is denoted by v(t) and is a solution to the differential equation

12
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Div(t)=0 and v(0)=vg, (rs5)

where D,v is the covariant time derivative of

curves v(t) € E associated to a connection V

on E, given locally by
Dy = f(dv" + wi(p)’).  (15.6)

Here, v* are the components of v in a local frame f, for the fiber, and a)Z are the connection
coefficients associated with Vin f,.

The unique solution to the initial value problem|Equation 1.5.5lalong  yields a one-parameter

family of parallel transport maps
Ryt By = Eyop

which is an intrinsic object. We will simply write R; the parallel transport maps, when the choice
of the curve y is obvious from the context. If we consider a local frame field f,(x) in a neigh-
borhood of the curve, the linear map can be represented by a matrix (Ry)y, via Ry f(y()) =

fb()/(O))(Rt)Z. Moreover, according to the matrix R; is the solution to %Rt =

Riwy 1) (7(1)).

The solution to this last equation can be written as the path-ordered matrix exponential

t
P (epr; a)y(r)())(”c))dr).

As w is applied to the right of R, we order the terms with larger T to the right. For instance, the
second-order term in the power series of the matrix exponential is

1 t 2 t T,
p 5 (L a)V(T)(y(T)) dT) = J-TZ:O leo w)/(’ﬁ)(?}(rfl)) w)/(rz)(y(lé)) dt,dt,.

By utilizing the parallel transport matrices associated with (f,) along ) as a gauge field, we can
derive a new frame field

faly(®) = fr(NRHL.

Consequently, in this new frame, @(y) =

0 by construction, and a constant v € R"
Ry p(e+h)
along the curve satisfies the initial value prob- ‘/'-\
lem Equation , ie,v = Ryv(t) = vy. Al- a / 7 Ay(t+h)
ternatively, in the original frame f,, the parallel 7(t)
.. -1 .
transport is given by v(t) = Ry vg. e X y(t+h)

If X =9(0) € T)(opM and a € T(E) is
a section of E, then the parallel transport map
R+ can be used to define the covariant deriva-
tive of o with respect to X at /(0) as
Riayn—ayo) _d

(Vxa), ) = lim —20_270 _ £

50 t at| _ ot (1:5:7)

t=0
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1.5.2 Operators and their properties

We end this section with a review of the basic operators (and their properties) for which we will
provide discrete equivalents in the remainder of this paper.

Wedge product. We defined the wedge product for scalar valued differential forms in Equa-
tion (L..1). This notion can be similarly extended to forms that take values in vector bundles: the
wedge product A between bundle-valued forms and scalar-valued forms can be defined as:

(k+0)!
k1!

where the tensor product applied to (k+¢) vectors Xy,..., Xy p €T (T M) is

A: QF(M,E) x QY(M) - QFC(M,E): (a, B) > a AR =

Alt(a®p),

a®B(X1,e Xpse) = A(X1, oo, Xe)B(Xpe 11+ 0r Xiat).

Exterior covariant derivative. The exterior covariant derivative is a natural extension of the
standard exterior derivative of scalar-valued forms to forms that take values in a vector bundle. In
particular, given a connection Von 7t : E — M, the exterior covariant derivative d ¥ : Q*(M,E) —

QF1(M, E) obeys
dV(a®s)=da®s+(-1)fa AVs, VYaeQFM),VseTl(E), (15.8)

where ® denotes the tensor product of differential forms and sections of the bundle E. Here, we
view V()5 as an E—valued 1-form. In local coordinates, Equation is expressed as

(@dVy) = dy" +wi AV, (15.9)
where y = f,7% € QKU,E)ina given local frame field {f,} of E, while the associated local con-
nection 1—form for this frame field has components wy,.

Note that given a smooth map W: M — N between two manifolds, and a vector bundle
7 : E — N with connection V, the exterior covariant derivative commutes with the pullback:
given a form a € QF(\, E) one has

dVVwra) = v (dVa). (1.5.10)

Additionally, given a bundle-valued form « € Q*(M, E) and a scalar-valued form A € Q¢(M),

the Lezbniz rule between the wedge product and the exterior covariant derivative holds, i.e.,
dV(aAd)=dVa AL+ (-1 a ndA.

For a proof of these last two properties, see [Mari8] for instance.

Curvature two-form and Bianchi identities. Connections are geometric structures that cap-
ture the idea of parallel transport along curves, and are an essential tool in the study of fiber bun-

dles.

One important geometric invariant of connections is the curvature 2—form QV € Q*(M, End(E)),
which measures the failure of a connection to be flat, i.e., the impossibility of endowing the base
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manifold with a Euclidean structure. This skew-symmetric tensor is useful in geometry and physics
in areas such as general relativity, gauge theory, and topological quantum field theory. It quanti-
fies the noncommutativity of parallel transport around closed loops and encodes the infinitesi-

mal holonomy of the connection, also known as Ambrose-Singer theorem [ASs3)]. The curvature
2—form is defined as

QV(X,Y)s:=d¥(dVs)(X,Y), seTl(E), X,Y eT(TM).

If we are given a local frame field, it can be shown that we have the local formula
Qp =dwj + w; Awj = (dw + o Aw)j, (r.5.11)

This local formula is also sometimes written abusively as QY =dV w, to be understood as applying
the exterior covariant derivative for vector-valued forms to the columns of the connection 1 —form
w in the local frame. One can then show that the following general equation holds:

AVdVa=QV(, )Aa, YaeQNM,E), (1.5.12)

a property proving that unlike the exterior derivative d of scalar-valued differential forms, the op-
erator dV is 7oz nilpotent in general. Note that this property is often referred to as the algebraic
Bianchi identity.

Another important property is what is often referred to as the differential Bianchi identity,

a consequence of the Leibniz rule and antisymmetry of the exterior covariant derivative: it states
that

VY = 0, (r5.13)

is the induced connection on the endomorphism bundle End(E) — M. More gen-
erally it can be shown that for the induced connection on the endomorphism bundle, Eq. Equa-

tion (r.5.12)) can be expressed as
End
dvd

where VEnd

vEnd

B=[QY AR, VBeQF(M,End(E)), (1.5.14)
where [- A -] is the commutator using the wedge product.

Another usual identity linking curvature tensor and covariant derivatives is that, given a con-
nection V on a vector bundle 7 : E— M and for any 0-form s €I'(E), one has:

QV(X,Y)s=VxVys—VyVxs-Vixys, YX,Y eT(TM), (1.5.15)

where [X, Y] = XY — Y X denotes the Lie-bracket between vector fields.
The curvature 2—form and its two associated Bianchi identities are central geometric notions
in the study of connections as they are independent of the choice of local trivializations of the

associated vector bundle E. Consequently, we will ensure that our discretization respects these
important properties.

Remark r.x2. The curvature is gauge covariant. This means that given two local frame fields {f, }
and {f, }, related via a matrix of change of bases as f, = f, A (see Equation ) with associated
local connection 1—form w and @, then the components of the matrix-valued curvature in both
frame are related as

QV=do+ord=Adwo+wAw)At =AQVA™L.

That is, a change of basis in the fiber only amounts to a change of basis for the representation
matrix of the curvature endomorphism, see [CCL99} Eq. (1.29), page 108].
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Riemannian connections. Given a smooth manifold M, we call M a Riemannian manifold
if the tangent bundle possesses a Riemannian metric, i.e., a section g € T'(Sym?(T M)) such that
gy : TeM x TyM — Ris a scalar product for each fiber space. A connection V on the tangent
bundle is said to be compatible with the metric if it preserves the metric structure, which is a
natural condition in Riemannian geometry. In other words, V is compatible with the metric if the
covariant derivative of the metric with respect to a vector field X can be expressed in terms of the
metric and V as

d(g(s1,52))(X) = g(Vxs1,52) + g(51,Vxs2) Vs1,50 €T(TM), X €T(TM).  (15.6)

If the connection is compatible with the metric, for any two vectors v,w € T, M, the inner
product g(R;v, Ryw) is preserved along parallel transport, where R; denotes the parallel transport
map associated with the connection V. In a local orthonormal frame, this implies that the local
expressions of R; belong to the special orthogonal group SO(#). This compatibility of the con-
nection with the metric structure is a fundamental requirement in Riemannian geometry: it plays
a major role in the definition of the Levi-Civita connection, which is the unique connection that
is both compatible with the metric and torsion-free — see the next paragraph for a definition of
torsion.

Solder form and torsion. For the special case where E = T M, the tautological 1—form 6, or
solder form, is a bundle-valued 1—form defined as 6(X) = X for any vector field X on M. For a
connection V, the forsion 2—form is derived from the solder form through

OV=d0=d0+wA0 € Q*(M, TM), (15.17)

where the last equality holds only locally. While the curvature 2—form QY measures the deviation
of the covariant derivative from the exterior derivative, the torsion 2—form ©, on the other hand,
measures the deviation of the covariant derivative from the Lie derivative, meaning that it measures
the failure of the connection to preserve the Lie bracket of vector fields under parallel transport.
Specifically, given a connection V, the torsion 2—form © is also expressed through

OV(X,Y)=dVO(X,Y)=VxY -VyX —[X,Y]

for vector fields X and Y on M.
The algebraic Bianchi identity often refers to the differential identity from Equation

specifically applied to the solder form; it relates the exterior derivative of the torsion 2—form to
the curvature 2—form and the solder form through

dveV =avdvVo=Q" r 6. (1.5.18)

Remark 1.13 (Bianchi Identities in (Pseudo) Riemannian Geometry). Suppose we consider the
special case of a Riemannian manifold and E = TM. Let V be the Levi-Civita connection, i.e.,
the unique torsion free connection compatible with the metric. In this case we usually write
QY(X,Y)Z = R(X,Y)Z, with R the Riemann curvature (1, 3)-tensor, i.e., RE TM*@T M*®
TM*®T M. We have

VEnd

dVQV=0 & V4xR(Y,Z)+VyR(Z,X)+V4R(X,Y)=0
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and

0=dVdV6=QV A0 o R(X,Y)Z+R(Y,Z)X+R(Z,X)Y =0,

which are the familiar Bianchi identities as formulated in (pseudo)-Riemannian geometry. A
common form found in literature uses tensor notation. Let (dy,...,d,) be a local coordinate
frame of T M. Let (dx!,...,dx") the associated dual frame. Using the Einstein sum convention
the coordinates of the Riemannian curvature tensor can be expressed as the components of the
curvature 2—form as

[QV])) = R’:la’ﬁdx“ AdxP,

where

R 5= dx(R(g, dg)dy ).
The algebraic Bianchi identity then reads

_ pH I3 I3
0= Rmﬁ +Raﬁv +R; 0
As for the endomorphism-valued case, the definition for the covariant derivative of a tensor field
this time becomes:

RI‘

_ H H H
mﬁ;/\_a/\R +Rkaﬁw/\K_R

K M
vap v kap @Ay -R

K H K
viePAa ~ RVQKwAﬁ'

Using this definition of covariant tensor derivative, the differential Bianchi identity for the Levi-
Civita connection reads

_ pH I I3
0= Rvaﬁ;/\ + Rv/\a;ﬁ + Rvﬁ)\;a‘

For a detailed derivation of these formulas from Equation (r.5.13) and Equation (r.5.18)), see [Fra]
p-298-301.

The preceding discussion highlights that extending discrete exterior calculus to bundle-valued
difterential forms requires substantially more structure than in the scalar case. While the smooth
theory provides a clear conceptual framework through Cartan’s calculus, its discrete counterpart
must address how bundle-valued quantities are represented, transported, and differentiated on a
mesh, while preserving the underlying geometric identities.

Before developing a general discrete exterior calculus for bundle-valued forms, it is instructive
to study a concrete example. Connections on two-dimensional surfaces provide such a setting.
In particular, torsion arises naturally as a vector-valued 2-form, that cannot be straightforwardly
investigated with the standard tools from scalar-valued DEC, making it a suitable test case for
discretizing bundle-valued exterior calculus.
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2 Discrete Torsion Of Connections
On Surfaces

In the previous chapter, we developed a general framework for differential forms with values in
a vector bundle, and discussed the geometric structures that must be preserved when discretizing
such objects. Before turning to the full generality of bundle-valued exterior calculus, we now focus
on a concrete and particularly instructive special case: connections on two-dimensional surfaces.

Many tasks in geometry processing involve comparing directions across a surface: transporting
vectors, designing smooth direction fields, or aligning patterns along a mesh. Such comparisons
require a rule for relating tangent directions at nearby points. In differential geometry, this role
is played by a connection. Accordingly, discrete connections have become a fundamental tool in
geometry processing, appearing in applications ranging from vector field and stripe pattern design
[CDS10} KCPS1s, ILTGD16], to vectorization of 2D sketches [GHB™ 23], and design tools for sev-
eral forms of fabrication [MMDH " 23, MMWC23, MJBHC24]. In the smooth setting, connec-
tions on surfaces can be studied using Cartan’s method of moving frames, where they are charac-
terized by two quantities: their scalar-valued curvature, and their vector-valued rorsion. However,
existing work on connections focuses almost exclusively on curvature, neglecting torsion entirely.

2.1 Connections On Surfaces: A Two-Dimensional Specialization

We briefly recall the basic notions of moving frames, connections, curvature, and torsion in the
surface setting, reformulated in a concrete and geometric way that will guide our discrete construc-
tion.

2.1 Vector Fields and Moving Frames

Vector field design is ubiquitous in geometry processing

[dGDT16,VCD 17]. The method of moving frames provides 0 | f‘z Sg
a convenient way of calculating with vector fields on smooth KR Ll ) —>+c i g8
surfaces, and arises naturally in applications such as parame- il 3
terization [CC23], shape deformation [[Cor24|), and hexahe- wff . M-— s

- oY 52

dral meshing [CCi9, FHTB23]. We have discussed in
that given a local trivialization, we can express sec-

tions, in particular vector fields, through scalar-valued functions associated to this trivialization.
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In the two-dimensional case, just as one can express a vector v in the plane as a linear combina-
tion of basis vectors e} and e, one can express a vector field V (x) on a surface patch as a linear
combination of basis vector fields E1 (x) and E5(x), Z.e.

V(x) = ¢! (x)Eq (x) + c2(x)E, (), (2.1.1)

where ¢! (x) and c?(x) are scalar-valued coefficient functions. The basis fields E; and E, are of-
ten thought of as the columns of a single spatially-varying matrix E(x), referred to as a moving
frame. This is precisely a local trivialization of the tangent bundle T M, in the sense of the general
bundle-theoretic framework introduced earlier. For simplicity, we will always assume that E is an
orthonormal frame. Note that it may be impossible to find a globally-defined moving frame—or
even a single nonvanishing vector field (see the Poincaré—Hopf theorem). Hence, basis fields are
usually defined locally: one can perform any desired calculation using different basis fields on each
small patch, stitching the results together to obtain global results on the whole surface.

2.1.2  Connections and Parallel Transport on Surfaces

While the directional derivative D f of a scalar function f simply measures the rate of change of
f as one moves along a tangential direction X, directional derivatives of vector fields on surfaces are
more involved: vectors at different points on the surface belong to different tangent spaces, and «
priori cannot be compared directly. A connection isa choice of operator Vi V acting as a directional
derivative of a tangent vector field V' in direction X; unlike the case of scalar functions, there are
infinitely many meaningful connections.

Connections in a moving frame If we pick a moving frame E(x) to express our vector field
V (x) using its coefficient functions c!(x) and ¢?(x), then any connection can be written in the

v, (c1<x>) _ (Dxcl(x)) . (w%(X) wé(X>)(c1(x)) (212)
c?(x) Dxc?(x) w%(X) w%(X) c(x))

form

V=d+w, (2.13)

where d is the componentwise exterior derivative, and w is understood as a matrix-valued 1-form,
known as the connection 1-form. In the language of [Section 1.5} the matrix-valued 1-form w corre-

sponds to the local connection 1-form a)g expressed in the moving frame E.

A connection allows us to parallel transport vectors along curves: if we have a
vector V at point x, and a curve y connecting X to another point v, we obtain a I’r
transported vector at Y by taking the unique extension of V along  whose direc- 4 PP
tional derivative in the direction of y stays identically zero. y
[/

The 1-form w which we use to write our connection depends crucially on the 74
choice of frame E: if we pick a new frame, we have to use a different connection -
1-form to describe the exact same connection. These w values are only meaningful
locally, and do not fit together into a globally-defined matrix-valued 1-form on the whole surface.
However, the difference between two connections is always a globally-defined 1-form. Indeed, con-
nections form an aﬁine space: starting from a connection V, we can write any other connection as

the sum of V and a globally-defined 1-form.
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2.1 Connections On Surfaces: A Two-Dimensional Specialization

Metric-compatible connections We introduced prior in[Equation 1.5.16|the notion of metric-
compatibility for connections on general Riemannian manifolds. In the special case of surfaces,
this condition has a particularly simple expression in terms of the connection 1-form w.

A connection V is metric compatible if parallel transport preserves the lengths of vectors. This
means the parallel transport map between any two tangent spaces is an isometry — an element of
the orthogonal group O(#) rather than the full general linear group GL(n). At the infinitesimal
level, this constraint has a direct algebraic interpretation. If we choose an orthonormal frame E(x)
with respect to the underlying Riemannian metric, the connection 1-form w must take values
in the Lie algebra of the orthogonal group, $0(1n1)— the space of skew-symmetric matrices. So
w(X) is skew-symmetric for every tangent vector X, encoding the infinitesimal rotation that the
connection induces along X. Therefore the connection 1-form w is of the form

[ 0 -—a(X)
‘“X%«aa) 0 )

for some scalar-valued 1-form . We restrict attention to metric connections, and often use the

(2.1.4)

identification between matrix-valued connection 1-forms w and the equivalent scalar-valued 1-
forms a such that w = Ja, where J] denotes the matrix ((1) -1 ) This identification allows us
to represent metric connections using only a single scalar-valued 1-form . This reduction to a
single scalar-valued 1-form « is a peculiarity of the two-dimensional setting, where the structure
group S O(2) of orthogonal transformations is abelian. In higher dimensions, connection 1-forms
of metric preserving connections necessarily take values in the Lie-algebra of orthogonal transfor-

mation, denoted as $0(#), and such a simplification is no longer possible.

Curvature and torsion As observed by Cartan, one can picture parallel transport as a descrip-
tion of the motion of a surface as it locally rolls around on the tangent plane of some point [Car23,
Shag7|]. Curvature and torsion capture two key features of this rolling behavior: curvature mea-
sures how much the surface rotates when rolled along an infinitesimal loop, while torsion mea-
sures how far it translates. Both curvature and torsion have simple expressions in the language of
differential forms. If our connection is encoded by a connection 1-form @ in moving frame E,
we have seen in that the curvature of our connection is the matrix-valued 2-form

QY = dw + @ A w. For metric connections on surfaces, @ A w = 0, so the curvature is just
QY =dw =]da. (2.15)

For any pair of tangent vectors X, Y at some point p, the matrix QV(X, Y') describes the rotation
applied to the tangent plane at p when the surface is rolled along the infinitesimal parallelogram
spanned by X and Y. The component da measures the rotation angle, and acts as a scalar mea-
surement of curvature, generalizing the Gaussian curvature of a surface to arbitrary metric con-

nections. We have seen previously seen in [Equation 1.5.17|that the torsion of our connection is the

vector-valued 2-form ©V, with

OV =do+wAno0. (2.1.6)

Here 0 is the dual frame associated to our moving frame E, which takes in a tangent vector and
returns the components of that tangent vector in the basis E. We denote its components by 6(x) =
(E'(x), E%(x)). Unlike the connection 1-form w, which is only defined relative to a choice of
frame E(x) in a local neighborhood, the curvature and torsion yield well-defined global 2-forms,
meaningful in any coordinates on the surface.
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Figure 2.1: Metric-compatible connections. Even in IR equipped with the standard metric and
standard basis, parallel transport of vectors by a metric connection may look very different from a
simple translation. Here we consider four connection 1-forms ¢, and plot parallel vector fields for
each connection (zop row), as well as the curvature (bottom row, scalar density) and torsion (bot-
tom row, vector field) of each connection. All four connections are compatible with the standard
metric—as their parallel fields are unit vector fields—but the rotations and singularities present in
their parallel-transported vector fields can become arbitrarily complicated.

Compatibility conditions between curvature and torsion  Starting from a given connection
V and for any globally-defined r-form @ = ayE! + a,E?, we can define a new connection as
V=V + Ja. Note that

1 _r2
Ha/\Q:a/\H(gz):a/\(EEl ):_(g;)glmz. (2.1.7)

Thus, the changes in curvature and torsion between the new and the old connections are given by
QV-QV=Jda, and ©YV-0"=-atda, (2.1.8)

which implies that these changes are linked: the change in exact part of the change in torsion.

The Levi-Civita connection For any metric on a manifold, there is a unique metric connec-
tion with zero torsion. This connection, called the Levi-Civita connection V¢ = d +Ja*© encodes
the geometry of the surface in important ways: for instance, the curvature of the Levi-Civita con-
nection gives the surface’s Gaussian curvature k¥ = —da"°. And once you know the Levi-Civita
connection, the calculation of curvature and torsion for all other connections also simplifies:
shows that the curvature tensor of a connection V=V<i]ais J(da — kdA), and the torsion
oVis _

0V = -atdA. (2.1.9)
This notion of torsion as a deviation from the Levi-Civita connection will be leveraged in this
chapter.

It is important to emphasize that the Levi-Civita connection is just one of many connections
compatible with a given surface metric. While a metric connection preserves the lengths of vec-
tors, it may not encode the surface geometry like the Levi-Civita connection does. For instance,
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2.1 Connections On Surfaces: A Two-Dimensional Specialization

the curvature of a metric connection may be completely different from the Gaussian curvature
defined by the metric . The only relationship between them is that on closed surfaces,
the connection curvature must obey the Gauss-Bonnet theorem: just like the ordinary Gaussian
curvature, it must sum to 27t times the surface’s Euler characteristic.

2.1.3 Connections on Discrete Surfaces

Most existing works using connections on triangle meshes follows the basic strategy of [CDS10]
(or its dual variant), where one picks an arbitrary basis to encode tangent vectors in each face and
then encodes the connection using an angle-valued dual 1-form giving the angle by which a vector
must be rotated when parallel transporting it from one face to an adjacent one. These tangent bases
on each face act as a globally-defined moving frame, allowing the connection to be represented as a
discrete globally-defined 1-form, without the need to use locally-defined frames on surface patches.
The curvature of a discrete connection at a primal mesh vertex is then obtained by summing up
the connection angles on the dual loop around that vertex. This curvature depends linearly on
the connection 1-form, so is easy to find connections with any desired set of curvatures—such as
trivial connections with only a few non-zero curvatures.

However, while this strategy suffices to discretize curvature, no discrete
notion of torsion was ever proposed. A canonical connection on triangle %,
meshes, that was leveraged by [CDS10] and which we will call the hinge con- /@ I\
nection 1], is found by unfolding the hinge between two faces and measuring
the angle 77 between the chosen frames on these two faces (see inset, where J
the rotation angle 77;; aligns frame E; j with frame E;;;). Crane et al. refer wEilj
to this connection as “the discrete Levi-Civita connection”, since its parallel
transport is locally a translation in the isometric hinge map and its curvature
is the usual discrete Gaussian curvature. Indeed, the hinge connection is ex-

~.

actly the Levi-Civita connection of the mesh, viewed as a polyhedral surface

with piecewise-flat metric. Our approach also singles out this hinge map as a convenient “refer-
ence” connection from which we can encode other connections through dual 1-forms, but we also
introduce a new discrete Levi-Civita connection which offers lower torsion (seen as the deviation
from the Levi-Civita connection of an underlying smooth surface) by spreading vertex curvatures
over dual faces. This spreading of curvature is reminiscent of the primal as-Levi-Civita-as-possible
connection of [LIGD16|, which spreads curvature over primal faces, but Liu et al. use a more
complex parameterization of vector fields, considering tangent vectors which may lie on mesh ver-
tices, edges, or faces.

In the remainder of this chapter, we present a practical approach to torsion processing on sur-
face meshes. First, we introduce a new discrete Levi-Civita connection which views a mesh not
as a polyhedral surface with curvature concentrated at singularities, but as an approximation to a
smooth surface with locally-constant curvature. We then describe how the discrete notion of tor-
sion of a connection can be defined to mirror the continuous definition from[Equation 2.1.9} i.e.,
we consider the discrete torsion of a connection as zhe discrete dual 1-form by which a connection
deviates from the discrete Levi-Civita connection. This choice makes little difference in the continu-
ous world, where the spaces of vector-valued 2-forms, vector fields, and 1-forms are all isomorphic.
However, in our discrete setting, this discretization offers a practical and robust computational
framework for torsion manipulation: we can trivially control the torsion of a connection while
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Discrete Torsion Of Connections On Surfaces

keeping its curvatures, and vice-versa as shown on several geometry processing applications in

2.2 Torsion on Discrete Surfaces

In this section, we first outline our notation in and introduce a new discrete Levi-
Civita connection which distributes curvature smoothly over dual faces in From
this low-torsion “reference” connection, we introduce a discrete notion of torsion modeled after
i.e., we define the torsion of a connection as the discrete dual 1-form by which it
deviates from the discrete Levi-Civita connection. In we review the various ways to

prescribe torsion, with or without preserving curvatures.

2.2.1 Notation and Conventions

Surface mesh and quantities We work on a manifold triangle mesh M = (V, €, F) with ver-
tices i € V, edges ij € &, and faces ijk € F. We use 7] to denote an oriented halfedge from i to
j. A value u; denotes a quantlty u at vertex i, and similarly for edges and faces (see J
inset), while a value u denotes a quantity at the corner of face ijk incident on *

vertex 1, and a value ul denotes a quantity at halfedge 1 . For instance, the position

of vertex i is p; € IR, the length of edge i 1£ is;j € R, the area of face ijk is A;j; € R, q
and the angle at corner i of face ijk is go €[0, m). i

Frame fields. A discrete frame field consists of a choice of frame per face of our

mesh. These frames can be written explicitly as matrices E;jx € IR3*2 associated to each face ijk,
where the two columns of Ejjx are orthonormal vectors in R3 tangent to face ijk. One can also
store frames intrinsically as 2 X 2 matrices, interpreting the columns as tangent vectors in a fixed

basis on face ijk. As mentioned in(Section 2.1.2{ we use JJ to denote 90° rotation matrix ( 9 )

We will also make use of Jocal frame fields deﬁnc;}sl on the 1-rings of the mesh vertices. We will
denote the value of such a local field on face ijk as E l] to indicate that the frame is associated with
vertex 1.

Dual mesh and orientations. We also consider the dual of M, which has
a face #i corresponding to each vertex of M, and edge *ij corresponding to
each edge of M, and a vertex *ijk corresponding to each face of M. Our algo-
rithm works with any choice of dual (e.g. circumcentric or barycentric), but
we find that circumcentric duals can perform poorly on low-quality meshes

(Section 2.3.4). As on the primal mesh, we denote value u on dual edge *ij as

Ui, etc. We also use £7] to denote the orlented halfedge running along dual

RN
edge *ij, picking the orientation that places *1] counterclockwise of j .

Discrete connections A discrete metric connection provides a rotation angle @.j; on each halfedge
describing how the coordinates of a vector v;;; written in the frame of the right-hand face should
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2.2 Torsion on Discrete Surfaces

be transformed to obtain a parallel-transported vector v; i in the frame of the left-hand face (see in-
set). ok

As in the smooth setting, the angles & depend on the choice of frames, but vilj
once we write any connection a? in these frames, every other connection can - - /
be expressed as the sum of a® with a discrete dual -form. We follow [CDS10] T !
and write our connections as offsets from the hinge connection #, but one !

could equally well pick any other connection to start from.

2.2.2 A New Discrete Levi-Civita Connection

As mentioned in[Section 2.1.3} the hinge map is the exact Levi-Civita connection of a triangle mesh,

viewed as a polyhedral surface with curvature concentrated at its vertices (see inset).

geometry of the smooth surface which the mesh is supposed to
approximate. We instead introduce a new connection w"“ =Ja"*

However, this singular geometry differs in many ways from the ,
4 N /A
[ SmOOth constant

onic
approximation *surface ap|co%¥iartnuarteion

derived by spreading the curvature to be constant on each r-ring instead. We find that this constant-
curvature local approximation of the surface yields a connection with consistently lower error than
the hinge map compared to the continuous Levi-Civita connection (Figure 2.6) without much
added complexity.

To derive this formula we will in a first step calculate the Levi-Civita connection of a surface
with constant curvature.

Constant-Curvature Levi-Civita Connection. We begin by constructing a local frame field
by leveraging the geodesic polar map of the one-ring [WWo4]. We define geodesic polar coordi-
nates in the neighborhood of each vertex i. That is, we pick some arbitrary reference edge ij to
act as the positive x-axis, and then define polar coordinates (7, ¢), where the radius r measures the
distance to vertex i, and the normalized angle ¢ measures the angle along the surface to edge j,
normalized by a factor of % so that the angles around i sum up to a full 27t (rather than summing
to the discrete tip angle sum @;). At any point x in face ijk, x # p;, we define our frame by first
computing polar basis unit vectors e, = (x — p;)/||x — p;|| € R® and ep = Nijx X €, and then

E, = (er e(p)( cosp sm(p). (2.2.1)

expressing our frame as

—sing cos¢
If we index the neighboring vertices as jy, ..., j,, the geodesic polar coordinates can be evaluated
in closed form at the circumcenter of each neighboring face 7 ji k11 as

reo o _ gjkjkﬂ
Pk Jk+1 2sin (p]..kjkﬂ ’

1

27l 7 .. k-1 ..
7%} — | = _ l.]k Zs]s+l
(pijkjj+1 - (Di 2 (P]k+l + Z(PZ
s=0

(2.2.2)

Piecewise-flat metric. The geodesic polar map is easy to visualize: imagine the one-ring made
of paper, and bend that into a cone with its discrete Gaussian curvature «;. Projecting the cone
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desic polar ma
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Figure 2.2: Local One-ring Frame. We construct for every one-ring neighborhood a geodesic
polar frame field which is constant per each face (lefz). This frame is constructed from a geodesic

polar map of the 1-ring, Ze¢., a planar parameterization where radial edge lengths are unchanged
and the tip angles around vertex 7 are scaled by a constant to sum to 27t (vight).

along the direction of the axis of the cone, we have the geodesic polar map (7, ¢) with the origin
at the center vertex. The solder form is precisely

(2.2.3)

dv —cos Prtrdp

0 :( du+sin@zrdg )
27
where (11, v) =7(cos @, sin ¢). One may verify that a"“ = —«;/(27)d ¢ precisely satisfies
doe +a AO.

The discrete connection values are given as integrals along dual edges:

K.
de = J —(v,-u)Tdg,
L Jui 2TC v

which is the angle weighted average of the boundary coordinates rotated by 90°, rescaled by 5~ .

If calculated in the true geodesic polar frame, the hinge connection actually provides the cor-
rect integral of T = Lﬁ a'“. One can see this by assuming the difference in the angles formed at
the vertex in the mesh A(p will be the rotation angle for parallel transport in the hinge map, the
corresponding rotation in the two frames of the geodesic polar frame would be A@, the difference
provides 7.;; = —K;/(210)A@.

Constant-curvature metric. For a metric of constant Gaussian curvature K, the normalized
1-form in the d ¢ direction is:

e? = rsin(\/I?r)/\/Ed(p, (2.2.4)

which also works in the case K < 0, since sin can be turned into sinh when applied to imaginary
numbers. To simplify the derivation, we still use the expansion sin(x) = x — x3/6. Then

v

de = %K( B )du Adv, (2.2.5)

i.e., the integral will be the barycenter coordinates rescaled by half of the pointwise Gaussian cur-
vature. The analytic expression of the Levi-Civita connection is thus a'¢ = —1Kr2d .
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2.2 Torsion on Discrete Surfaces

Consider now the frames at two neighboring dual vertices *itj and *ijk. The hinge map
would unfold triangles i and ijk in the plane, and simply translate the frame from *imj to *ijk.
Due to the angle scaling of the polar map, our geodesic polar frame introduces an extra rotation

of 2” -1 )go*l] Hence, in our frame field, the value of the hinge connection along #7j is precisely

(if K ‘denotes the discrete (integrated) Gaussian curvature))
Msij = (1 - %)@*ij = _qTi(P*ij- (2.2.6)

Since the geodesic polar map scales angles by , the 1-form d @ (p is equal to ;2 times the or-
dinary angular 1-form d¢ in the plane. Moreover, the integral of 3r2d¢ along a plane curve y
is simply equal to the area of the region formed by connecting the endpoints of  to the origin.
Therefore, the integral of the constant-curvature Levi-Civita connection along a dual edge #ij is
equal to K ;D - times the area of the region in the geodesic polar plane formed by connecting the
endpoints of *ij to the origin. Since the polar map has constant Jacobian determinant 2% (D , we can
compute this area as x times the area formed on the original mesh by connecting the endpomt of
*ij to vertex i. Thus, the integral of the constant curvature Levi-Civita connection along a dual
edge *ij in our geodesic polar frame is simply — 7 A*, 7> where A; denotes the area of the dual cell
associated to vertex 1. For a primal edge 7j let ¢;; be its associated diamond area.

Unfortunately, these values do not define a valid connection on our

mesh, since they generally define incompatible rotations along the two j

sides of dual edge #ij. Writing down the compatibility conditions ex- Oxji
plicitly may seem nontrivial, but they can easily be expressed by ob-

serving that because the set of valid connections is an affine space, every Asji
connection can be written as the hinge map plus a discrete dual 1-form. = =
Explicitly, if a.;j = 11.jj + d.ij, then aj; must be equal to 77,j; — d.j;. \‘A*ij'l
A natural way of reconciling the desired Levi-Civita integrals along the \',
two sides of dual edge #ij is to minimize the area-weighted error @i

E(d) = ZlilA*l](T]ﬂ] + OCH] + A*l]) %A*]'i(ﬂ*]z aﬂ] + A*]i)z]'
ij

(2.2.7)
The energy is minimized by setting
o K;
Aujj = Aﬂ,-ltA*,, ( *ji(’?*jz’ + A—;A*ji) *1](17*1] + Aﬂj)). (2.2.8)
Substituting the values of 17.;; frornyields for us the formula
A*i' Pij A*'i Pji
o | Kidd TV KA == 2R, 2.

Note that in the case of a local region of the triangulation with only equilateral triangles, the
ratios A,;j/A; and ¢.;;/®; are all precisely %, and this connection reduces back to the hinge map.
But in irregular regions, the two will generally differ.

2.2.3 Discrete Torsion of a Connection

Once we have a discrete Levi-Civita 1-form w™ = Ja'“, we can understand torsion in the discrete

realm via[Equation 2.1.9} in the continuous case, the torsion of a connection measures its deviation

26



Discrete Torsion Of Connections On Surfaces

from the Levi-Civita connection. We thus define the discrete torsion of a discrete connection
w = Ja as the dual 1-form

Ti=a—-a™. (2.2.10)

This definition exactly parallels the continuous definition and provides a simple and straightfor-
ward way not only to define torsion, but also to enable torsion processing on connections through
Hodge decomposition [CdGDS13] of this dual 1-form by controlling its curl, divergence, and har-
monic components as we described next.

Curl-constrained assignment of torsion.  Since the curl of any change of torsion corresponds
to a change in curvature (Equation 2.1.8), we can modify a connection w = Ja while keeping its
curvature fixed by solving for a new connection whose torsion has the same curl. Explicitly, we
maintain the connection’s holonomy around collapsible dual cycles if and only if we add to @ a
harmonic dual 1-form, a dual gradient field le f (where f is a dual o-form, 7e., a set of values on
the mesh faces) — or both. Note that adding a harmonic form will affect the holonomy of each
homology generator of the surface; so the higher the genus of a surface, the more ways the torsion
can be edited, which can potentially be useful in applications such as quadrangulation, e.g., with
holonomy of multiples of 7t/2.

Divergence-constrained assignment of torsion. Conversely, given a discrete connection w =
Ja, one can preserve the divergence of its torsion by adding * dp for a scalar potential p defined
on vertices. As the additional connection is the 9o°—rotated gradient of p, it is divergence-free,
and will not alter the above-mentioned gradient component of torsion d{ f.In other words, such
a perturbation is the minimal change needed to modify the connection’s curvature.

We show examples of torsion editing in to emphasize how torsion affects the notion

of parallel transport in various geometry processing applications.

2.2.4 Trivial Connections

[CDS10]] proposed to design tangent n-vector fields over a given mesh by prescribing their singular-
ities and associated indices. They solve for a metric connection — dubbed a trivial connection —
with zero holonomy around all mesh vertices and around the generators if the genus is non-trivial,
except on each of the singularities where the holonomy is set based on the singularity index. These
constraints amount to a set of linear equations fixing the curvature around each vertex and the
holonomy about each homology generator. Since these linear constraints are less numerous than
the number of dual edges, the authors proposed taking the solution with the minimal L? norm,
reasoning that this choice ensures that the connection is as close to the original hinge connection,
and thus perturbs the notion of parallel transport the least. The final vector field with prescribed
singularities is then constructed from an arbitrary unit vector on a face that is parallel-transported
throughout the mesh via this new connection. Since the connection is compatible with the metric,
this construction generates a unit vector field.

Our discrete theory of torsion introduces a new interpretation of this optimization problem:
the L2 norm that Crane et al. minimize is akin to our , except that it measures the

distance to the hinge map rather than the distance to our new discrete Levi-Civita connection.
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2.3 Evaluation and Results
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Figure 2.3: Torsion-controlled trivial connections. Here we explore the impact of torsion on
vector field design: a parallel vector field for a minimal-torsion trivial connection with prescribed
singularities is shown on the left, while parallel fields for trivial connections with additional gradi-
ent components in their torsion are shown in the center, along with the prescribed scalar poten-
tials. A compact potential changes the field locally (center left), while a globally-supported poten-
tial causes larger-scale changes (center right). Torsion can also be incorporated into the design of
n-vector fields such as cross fields (7ight).

Moreover, we obtain a new geometric interpretation of the space of trivial connections with pre-
scribed singularities—these are precisely the connections whose torsion 1-forms have a fixed curl.
Inside this space, we can move beyond the idea of minimizing torsion to explore the eftects of pre-
scribing different torsions. As discussed in we can easily ensure that our new torsion
obeys the curl constraints as long as we only modify it by adding the gradient of a scalar potential.
As[Figure 2.3|demonstrates, this alteration of the trivial connection may have a substantial impact.

2.3 Evaluation and Results

Now we explore the effect of torsion prescription in scenarios like 72-vector field design (Section 2.3.1),
connection Laplacians , before moving on to discuss convergence to ground-truth
analytic connections in several scenarios (Section 2.3.3), and discussing the choice of dual mesh
(Section 2.3.4)).

2.3.1  N—Vector Field Design

As observed by [CDS10]], one can use a connection to design tangent vector fields on a surface: if
we have a connection, we can obtain a vector field by picking one vector at an arbitrary point, and
parallel transporting that vector to all other points of the surface. The resulting vector field will be
continuous if and only if the connection is #77vial—meaning that its curvature at every vertex is a
multiple of 277, as its holonomy around every loop.

As discussed in[Section 2.2.4} imposing these curvature constraints fixes the curl and harmonic
components of the torsion, leaving exactly the torsion’s gradient component free to prescribe. In
[Figure 2.3|we show several vector fields generated from different trivial connections all sharing the
same curvature constraints. In general, modifying the torsion by the differential d] f of a potential
function f will introduce a twist into the parallel vector fields, with more twist in regions where
the magnitude of f is greater.

The case of n-vector field design is no different: setting singularities with indices being multi-

28



Discrete Torsion Of Connections On Surfaces

optimized via Levi-Civita connection Laplacian

4

torsion
potential

optimized via connection Laplacian with torsion

Figure 2.4: Optimal vector fields for different connections. Just as the ordinary Lapla-
cian measures the smoothness of scalar functions, the connection Laplacian defines a notion of
smoothness for vector fields. Computing an optimal vector field in the sense of using the
discrete Levi-Civita connection to build the connection Laplacian yields a field whose streamlines
are as straight as possible in 3D space (z9p), whereas using a connection with a nontrivial torsion
(here, the gradient of a potential) introduces twists into the streamlines (bottom).

ple of 27t/n will generate tangent direction fields that are smooth up to local rotations by multiples
of 21t/n, such as cross fields for instance for n =4 right).

2.3.2  Connection Laplacians

A connection on a surface can also be used to define a connection Laplacian, which measures the
smoothness of vector fields just as the ordinary Laplacian measures the smoothness of scalar func-
tions. This connection Laplacian thus plays an important role in algorithms throughout geome-
try processing ILTGD16,[SSC19], and our connections can be directly used to construct
more general dual connection Laplacians for face-based vector fields. In the primal setting, itis also
easy to add a primal 1-form to any choice of connection to obtain a primal connection Laplacian
with torsion. illustrates the impact of torsion on the vector heat method of [SSC19],
where the (primal) connection Laplacian is used to solve a discrete vector diffusion problem, ap-
proximating parallel transport of vectors along shortest paths. As pointed out by §6.1.3]
using a connection Laplacian for a new connection then approximates parallel transport using
your new connection. Sharp et al. show that one can apply vector diffusion to a pair of vector fields
to compute a logarithmic map, approximating the distance and direction from a single source ver-
tex to all other vertices. By modifying one of the diffusion equations to use a connection with
torsion, we can effectively “twist” the polar parameterization.

As another example, [KCPS13] proposed an algorithm to compute smooth direction fields
as eigenfunctions of a connection Laplacian. Using a connection Laplacian with torsion encour-
ages a similar twisting behavior in direction fields, creating interesting branching patterns if the

direction fields are visualized using the stripe pattern algorithm of [KCPSis]), see[Figure 2.4}
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~ torsion
" potential

P L‘vz b/

~

torsion-free connection Laplacian connection Laplacian with torsion

Figure 2.5: Torsion-controlled vector heat method. The connection Laplacian used in the vec-
tor heat method of can be formed for any connection. In this example, we compute a
logarithmic map—a sort of global polar parameterization—using the connection Laplacian of an
ordinary torsion-free connection (/eft), and using a connection with prescribed non-zero torsion
equal to the gradient of a torsion potential (7ight), which introduces a distinct twist into the radial
lines of the parameterization.

Relation to the Affine Heat Method.  Asillustrated in[Figure 2.5} the modification of the con-
nection laplacian with an additional torsion potential can introduce a twist in the arising UV map.
Recently, Soliman and Sharp proposed a different technique —the affine heat method—
to improve the quality of UV maps arising from vector heat diffusion. The affine heat method
constructs UV maps via a different mechanism: it augments the bundle to TM @ IR and performs
diffusion with an affine (homogeneous) connection Laplacian whose sections carry both a tan-
gent component and ahomogeneous coordinate. After dehomogenization, the recovered tangent-
plane quantities behave like displacements rather than unit directions, i.e., their magnitudes vary
and can encode translational information. This additional degree of freedom is precisely what
enables their method to produce low-distortion parameterizations in challenging settings. From
this perspective, while both approaches influence UV maps by altering the Laplacian used for heat
flow, they do so at different levels: we alter the connection on T M through a scalar torsion pertur-
bation, whereas the affine heat method changes the representation space itself to explicitly include
translations.

2.3.3 Convergence

In this section, we measure the convergence of our discrete connections to analytic solutions under
mesh refinement.

Convergence of our discrete Levi-Civita connection. In we plot the L? errors of
the hinge map and our discrete Levi-Civita connection compared to the true Levi-Civita connec-
tion on smooth surfaces of the form z = 1;x2 + 1,92, These examples are universal, in the sense
that locally, any smooth surface can be approximated up to second order by a quadratic surface
z = ax? + bxy + cy?, and moreover any such quadratic form can be diagonalized by a simple
rotation of the xy-plane, reducing to the simple quadratic surfaces which we consider. We gen-
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CONVERGENCE TO THE SMOOTH LEVI-CivITA CONNECTION

hinge map

2 2
. o~ . 7 =
—— discrete Levi-Civita ~ z=Mx"+ Ay

-1.785
»=-1.935

~30% lower
10-1- error

L? error

107 1072
mean edge length

Figure 2.6: Convergence test. Here we plot the L? errors of the hinge map vs. our discrete Levi-
Civita connection compared to the smooth Levi-Civita connection on several hundred randomly
generated quadratic surfaces. The plotted lines show the average error across all experiments, while
shaded envelopes show the maximum and minimum errors. Both discrete connections converge
at the same linear rate, but our discrete Levi-Civita connection offers lower error in every case.
Two sample surfaces are shown on the right
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erated soo random quadratic surfaces with values of A and A, chosen uniformly at random in
the range of [-2.5,2.5]. As expected, both discrete connections converge linearly under refine-
ment, but our discrete Levi-Civita connection has consistently lower error than the hinge map —
around 30% lower in this particular example. To ensure that we compare the accuracy of the two
connections over the whole surface, rather than merely along dual edges, we measure the error in
each vertex one-ring by fitting a linear 1-form to the discrete connection values on the adjacent
dual edges, and compute the L2 distance to a 2nd-order-accurate approximation to the smooth
Levi-Civita connection within this region—we provide a derivation of the reference solution in
Section 2 of the supplemental material.

Convergence of trivial connections. Our identification of torsion with deviation from the
Levi-Civita connection allows us to derive closed form expressions for trivial connections with pre-
scribed singularities on smooth surfaces. In App. @we derive an analytic expression for minimal-
torsion trivial connections on the sphere, and in we plot the L* error of trivial con-
nections on the sphere computed starting from our discrete Levi-Civita connection, and from the
hinge map, compared to an analytic reference solution with minimal torsion and one with nonzero
prescribed torsion. Because the ground truth trivial connection blows up near the singularities, we
measure the error on a small surface patch away from the singularities. Note that the prescribed
torsion arising from the potential is captured almost perfectly by the discretization, so both trivial
connections have near-identical errors.

TRIVIAL CONNECTION
CONVERGENCE

”((%/;_/\_\

hinge map
—— discrete Levi-Civita

1 [enuajod uoisio} +

prescribed ST
torsion

" minimal
torsion

1072 1072
mean edge length mean edge length
Figure 2.7: Convergence to trivial connections. Here we plot the L™ error of a discrete trivial
connections compared to an analytic reference solution with minimal torsion (Zef#) and with pre-
scribed torsion (7ight). Since the solutions blow up around singularities, we measure the error on
a patch of the sphere away from the singularities.

2.3.4 Sensitivity to Dual Mesh

We finally point out that the choice of dual mesh can have an impact on the robustness of our

discrete Levi-Civita connection. The use of the circumcentric dual simplifies many expressions

(e.g., the half-diamond areas A,;; and A,;; in become equal, to each other on the

circumcentric dual, and the angle ¢, ;; subtended by a dual edge can be written explicitly in terms
. . ij ji

of the corner angles opposite edge ij as 7T — @ — Q).
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However, using the circumcentric dual may lead to flipped dual edges (even
on otherwise high-quality meshes), which may lead to large numerical errors.

In practice, we find that implementing our method using the barycentric dual

/ /
aC-parallel trans, dport

mesh leads to significantly less sensitivity to triangle quality without requir- (creumcentic o)

ing a large increase in implementation complexity or degrading solution qual-
ity on well-conditioned meshes. Other choices, such as the hybrid approach
of [MDSBo3||, may be adopted instead.

a-parallel transport
(barycentric dual)

Conclusion In this chapter we introduced a discrete notion of torsion for

connections on the tangent bundle of surfaces. This construction served as a

concrete and accessible instance of a bundle-valued differential form in a discrete

setting, and illustrated how parallel transport, covariant differentiation, and structure-preserving
identities can be realized on a mesh.

The surface case benefits from several dimension-specific simplifications. On a two-dimensional
manifold, vector-valued differential 2-forms are naturally isomorphic to vector fields, which in
turn can be identified with scalar-valued differential 1-forms through the surface metric. More-
over, metric-compatible connections on surfaces admit a scalar representation through a single
dual 1-form. These identifications significantly simplify both the representation and the discretiza-
tion of curvature and torsion.

Beyond surfaces, however, these simplifications no longer apply. For general vector bundles
or the tangent bundle of higher-dimensional manifolds, metric-compatible connections cannot be
encoded using scalar-valued forms alone. Curvature becomes a genuinely matrix-valued 2-form,
and torsion remains an intrinsically vector-valued 2-form.

This increased algebraic complexity already manifests itself in existing work on volumetric
meshes, where connections are represented by matrix-valued quantities and curvature control
leads to nonlinear formulations (e.g., [CC19]). These observations indicate that the two-dimensional
construction developed here cannot simply be extended by analogy. While parallel transport was
already present in the preceding setting, it effectively reduced to a scalar-valued framework with
trivial fiber interactions. For general vector bundles, however, transport becomes an essential and
nontrivial operation: it is required even to relate quantities in different fibers, and its path de-
pendence introduces fundamentally new structure. A systematic treatment therefore calls for a
reformulation of discrete exterior calculus itself.
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3 Discrete Exterior Calculus of Bundle-
Valued Forms

Moving from scalar- to bundle-valued differential forms raises a number of foundational ques-
tions.

* How should discrete forms be represented when their values live in different fibers?

* How can discrete exterior differentiation be defined in a way that accounts for parallel trans-
port?

* Which algebraic identities of Cartan’s calculus—such as Leibniz rules, Bianchi identities,
or Stokes-type relations—should be preserved exactly, and which can only be expected to
hold under mesh refinement?

While recent combinatorial approaches [Schi8, BEHS21] have addressed aspects of these ques-
tions, these approaches did not analyze thoroughly the relation of discrete bundle-valued form-
sto continuous bundle-valued forms. Indeed, these approaches assumed that discrete forms were
given. One of the major contributions of our work is to propose a discretization scheme to obtain
such discrete forms from smooth ones

The purpose of this chapter is to provide such a systematic framework. Building on the
smooth theory developed earlier in chapter we formulate a discrete exterior calculus for bundle-
valued differential forms on simplicial meshes. We define discrete forms, their covariant exterior
derivatives, and the associated curvature and torsion operators. Finally, we establish that the re-
sulting structure preserves the essential geometric identities of the smooth theory and converges
under mesh refinement.

3.1 Discrete Connections and Bundle-valued Differential Forms

We now discuss our discretization of bundle-valued forms and connections, for which related op-
erators will be derived in the next section. Throughout this section and for the remainder of this
paper, we consider an arbitrary discrete manifold M represented by a simplicial complex embed-

ded in R”. In addition to the mesh notation introduced in[Section 2.2.1, we denote the 3D cells
of the mesh by C® = {¢ijk1}, etc. More generally, we will also refer to the set of all k—cells of M as

C* (or CK(M)). In this chapter we will restrict our attention to the case that all cells are simplicial.
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In |[Chapter 4| we will discuss how we can extend the construction to a larger family of nonsim-
plicial cells. For simplicity of exposition, we will assume that the manifold is orzented, which is a
negligible constraint given the local nature of this theory.

3..1 Discrete Vector Bundles, Frame Bundles, and Connections

In our discrete setup, a number of discrete notions of continuous definitions are rather natural
to define as a collection of discrete objects on M, representing a discretization of their respective
continuous notions. While these definitions alone are not sufficient (in particular, no notion of
bundle topology will be defined yet), we will complete the discrete picture in the upcoming sec-
tions.

Definition 3.1 (Discrete Vector Bundle). A discrete vector bundle of rank r over a discrete
orientable manifold M is simply defined as a collection of vector spaces {E,, },, ¢y = E(M) (i.c.,
one vector space per vertex), with dim(E,, ) =r.

We can then equip each of these vertex-based vector spaces with a frame to form a discrete
analog of a local section of the frame bundle over M.

Definition 3.2 (Section of Discrete Frame Bundle). A section of the discrete frame bundle of
the rank-r vector bundle E(M) consists in a collection of frames (F,, }, ¢y :=F(M) defining an
arbitrary choice of frame for each vector space E,, .

We can now define a discrete connection V as a collection of maps between the extremities of

each edge of M.

Definition 3.3 (Discrete Connection). A discrete connection V is defined as an assignment,
Jforeach edge e of the discrete orientable manifold M, of an invertible linear map R ;; : E,,]_ -
E,, withR;j o Rj; =1d,, representing the parallel transport induced by a continnons connec-

tion V along €ij> sc‘e

These maps {R;} ;€€ Can be thought of as discrete parallel transport maps along edges, where
the continuous definition from Equation is integrated along an edge to define a map be-

tween two adjacent vertices. In practice, one can express each linear map R;; of a connection
through a matrix R;; € GL(r), stored on vertex v;, using a discrete frame field F(M). Note that
a number of properties in the continuous case apply to these discrete equivalents. For instance,
if each of the fibers E,, possesses an inner product (-, '>Ev,- , we say that the discrete connection is
compatible with the metric if the maps R;; : (Ev/_, c .)v]_) — (By,,{-,),,) are orthonormal.

When each frame F,, is orthonormal, this implies R;; € SO(r): a frame at a vertex is naturally
parallel-transported along an edge through a pure rotation.

Given two discrete manifolds M, N and a discrete vector bundle E over N, with a discrete
connection V, we can finally define the notion of discrete pullback bundle. An abstract simplicial
map f: M — N is a map that maps any vertex v € CO(M) to a vertex ¥ € C°(N) and satisfies in
addition for 0 € CX(M) that there exists any Iz—simplex G in CK(N) such that f(0) = &. Given
an abstract simplicial map f: M — N, the pullback bundle f*E over M is naturally defined as
(f*E)y, =Ef(v,), Yv; €V. We then follow [BEHS21] for the definition of the pullback connection.
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3.1 Discrete Connections and Bundle-valued Differential Forms

Figure 3.1: Discrete Connections. A discrete vector bundle E assigns a vector space to each vertex
on a mesh. To compare quantities in different fibers, we need to encode how the individual fibers
are connected. A connection consists of a collection of linear maps between neighboring fibers. In
the figure, each box represents a frame for each fiber space over a vertex. The right part of the figure
visualizes the local action of two different discrete connections. Starting with an initial vector
v € E (gray), we illustrate the different parallel transports induced by two different connections,
V! and V2. Different connections on the same vector bundle result in distinct notions of parallel
transport and curvature.

Definition 3.4 (Pullback Connection [BEHS21]). Lez f: M — N be a simplicial map and
E a discrete vector bundle over N with discrete connection V. A pullback connection f*V is
dcfined as a collection of linear maps {R;j: Ef(jy > E f(,-)}eijeg( M) with:

Rfwfwy) ifefw,) f,) € EN)

Rii =
1] IdEf(v,—) = IdEf(vj) otherwise, f (v;) = f(v;).

3..2 Discrete Bundle-Valued Differential Forms

Given a discrete vector bundle E over a discrete manifold M, we now define the notion of dzscrete
bundle-valued {—form as, for now, a collection of abstract maps. How these maps relate to the
continuous case will be elucidated later (see [Section 3.2)) in order to guarantee proper convergence

to continuous forms for increasing mesh resolution.

Definition 3.5 (Discrete (1,0)-tensor-valued {—form). A discrete vector-valued (—form a on
M is a collection of maps which, for each C—simplex o and one of its vertices v, returns a vector
inE,, te,

a:oeMveocc®— a(o,v) €E,, (3.1.1)

such that if G is the simplex o with reversed orientation, one has a(G,v) = —a(0o,v) for all
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veo.

Note that this definition means that in contrast to the discretization of scalar-valued forms
in FEEC or DEC, discrete bundle-valued differential forms are zot to be understood as a linear
space of cochains, but rather as maps for simplex-vertex pairs: bundle-valued {—forms should be
regarded as abstract “sided” maps (as they are attached to a particular vertex of the simplex) for
now. Moreover, we will assume for now that a discrete bundle-valued {—form is defined through
its values on all simplex-vertex pairs (0, v) for ¢ is an {—simplex and v is one of its vertices: later
on (see Sec , once we precisely define how a discrete bundle-valued form is sampled from a
continuous form, we will restrict this definition to only one vector value per {—simplex, like in
existing finite-dimensional (scalar-valued) exterior calculus frameworks.

We also define the notion of discrete (1, 1)-tensor-valued €—forms (or discrete homomorphism-
valued €—forms). Given a vector bundle 7t : E — M with connection V, we consider the bundle
End(E) — M with induced connection VE", One can equivalently describe it as the bundle of
(1,1)-tensors of E. This latter description allows for a more flexible representation, preserving the
underlying structure of endomorphism forms by considering separate evaluation and input fibers
for each cell.

Definition 3.6 (Discrete (1, 1)-tensor-valued £—form). A discrete (1, 1)-tensor-valued
{—form B on M is a collection of maps which, for each {—simplex o and two of its vertices (w, the
input [or cut’] fiber, and v, the output (or evaluation) fiber), returns a homomorphism between
E, andE,, iec,

p:o¢€ Cg,v eo,weo— B(o,v,w) e Hom(E,,E,), (3.1.2)

such that if G is the simplex o with reversed orientation, one bas B(&,v, w)=—p(o,v,w) for
allv,weo.

Remark 3.7. The discrete curvature Q" defined in with evaluation and cut fibers
at two different vertices is an example of a discrete endomorphism-valued 2—form. Note that
we could trivially extend these previous definitions to (p, q)-tensor-valued discrete forms using p
input vertices and g output vertices; but we will not explore this extension in this work.

Following [BEHS21] we can finally define the notion of pullback of a discrete bundle-valued
form as follows:

Definition 3.8 (Pullback of a Discrete Vector-Valued Form [BEHS21]). Given a simplicial
map f: M — N and a discrete vector bundle E over N, let o be an E—valued discrete €—form.
We define the f*E—valued pullback form f*a on M as

fra(s=[vg,...,ve]vo) =

ect(M)

{a([f(vo»...,fwn,f(vo)) FLF (o)., flve)] €CEN),

0 otherwise.

A similar definition for discrete endomorphism-/homomorphism-valued forms holds trivially.
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3..3 Discrete Connection One-Form

Recall that in the smooth theory, once we are given a trivialization of the smooth vector bundle
E — M, we can treat the fibers as vector spaces of rank r (say, copies of R"). The local connection
1—form w associated with a given connection V is then defined as Vs® = ds® + a)ZSb, where w mea-
sures how much the connection deviates from the exterior derivative d (applied to coordinates);
soif w=0,ie.,V=d inagiven frame field, then the matrix representation of parallel transport in
this frame field satisfies R;; =Idr.

We thus formulate the definition of a discrete connection 1—form as follows:

Definition 3.9. Let M be a discrete manifold with discrete vector bundle E(M) of rank r and
let F(M) be a section of the discrete frame bundle. For a given discrete connection V defined by
a set of edge matrices R; i when expressed in F, we define its associated discrete local connection
L—form w as the collection of Xt matrices w;; (one per edge e;; € M) with

(1)1]' = RZ] — Id]Rrxr € Rrxr. (313)

Note thata discrete local connection 1 —form thus also measures how much the discrete connection-
induced parallel transport locally deviates from the identity, mimicking the continuous definition
Vst =ds?+ a)‘;sb. And just like in the smooth case, the realizations of the per-coordinate exterior
derivative and the connection 1—form for a given connection change depending on the chosen
frame field F. We will, in fact, exploit this property in our work.

Remark 3.10. We can also regard Equation as a linear approximation of the smooth case:
if each parallel-transport edge matrix R;; comes from the integration of a continuous 1—form w
over the edge ¢;;, then it is given by R;; = Pexp ( Li_ a)). The first-order Taylor expansion of this
path-ordered matrix exponential is Id,, + |, w, ensuring consistency with the continuous case.
One could instead define w; j as the integratecl{ value of the continuous connection 1 —form w, and
then linearize the exponential map by setting R;; :=1d,, + @ j; but given the central role of parallel
transport in our work, we find this second way to discretize connection and parallel transport less

appealing.

Remark 3.01. In the context of this discretization approach, we presume the continuity of the
underlying local frame field. However, this assumption encounters limitations due to the globally
assigned frame per vertex. Notably, the applicability of a continuous local frame encounters con-
straints, as illustrated by the hairy ball theorem, which prohibits the existence of a global frame
for the tangent bundle on a sphere. Extending this notion to bundles with potentially nontriv-
ial characteristic classes, even for a seemingly straightforward base manifold like a tetrahedron, it
may become infeasible to employ a single bundle chart to parametrize the bundle on the cell. Our
work specifically focuses on scenarios where a local setup suffices, and a single chart is adequate
to parametrize the bundle. In this case, we point out that the parametrization of the bundle is
independent of the chart. However, in cases involving multiple charts, a need arises for compati-
bility conditions between them to meet global topology constraints. Further exploration of these
conditions remains a direction for future research.
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3..4 Discrete Curvature Two-Form

Given a discrete connection V, we now design a notion of discrete connection curvature akin to
the continuous definition of QV. Since the Ambrose-Singer theorem links the curvature of the
connection to the holonomy of an infinitesimal loop, it is tempting to define the discrete curvature
2—form QY ona triangle o = [vg, vy, v,] on, say, fiber B, through the difference between the
integrated connection 1—form over the triangle edges and the identity at the evaluation fiber via

QY(0,v0) = Ro1 - Ri2-Rao —Idg € End(E,). (3.1.4)

However, Equation is not a constructive definition: one cannot meaningfully sum this
definition over two triangles, even if they share the same evaluation vertex v;. In other words, since
this curvature is associated with a loop instead of a simple chain, we cannot use the summability
of chains to induce a notion of curvature integral over a larger region. We need to leverage the
underlying algebraic structure of chains instead.

Inspired by synthetic geometry for infinitesimal cells and the definition proposed in
IBEHS21], we propose not to use parallel transport along triangle boundary loops, but in-
stead, to compare parallel transport along two 1—chains whose difference forms a triangle boundary
loop. This change, which amounts to comparing the integration of the connection form over two

—chains — and each time parallel-transporting the result back to fiber E, — may seem tau-
tological, but it will allow us to define a notion of addition of the curvature 2—form over two

—chains sharing a 1-chain. Note that it now casts the curvature two-form on M as a discrete
homomorphism-valued 2—form.

Definition 3.12. Let M be a discrete orientable manifold equipped with a discrete vector bun-
dle E(M) and connection V={Rj},, jec-Leto = [vo, v1,v2] € C? be a triangle of M. For the
evaluation fiber B, at v, the three expres:zom for the discrete curvature 2—form QV depend-

ing on whether we use vy, Vo, or v as the cut vertex (comparing respectively parallel-transports

over the oriented 1 —chains eqy vs. egrer1, €91€12 US. €02, and eyye12exq vs. D, see
are:

QY(0,v9,v1) =Ro1 ~Ro2R21 € Hom(E, B, ), (3.15)
QY(0,v9,v3) = Ro1R12 — Ro2 € Hom(E,,, By, (3..6)
QY(0,v9,v9) = Ro1R12R20 —Idg € Hom(E,,E,)). (.17)

V(0,v9,v1) € Hom( (Ey, ,Eyy) V(0,v9,v,) € Hom(E V(0,v9,v9) € Hom( (EvgrEvy)

1/0 1\'/ \'/ v1 V2 \'/ V2 1/2 o

Figure 3.2: Curvatures. Illustration of the discrete curvatures for different cut vertices.
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From this definition, the meaning of “evaluation fiber” and “cut fiber” should become clear:
instead of measuring the traditional holonomy of the loop starting at v through Q¥ (o, vy), we
instead compare transport along two paths, both from the evaluation fiber to the cut fiber but on
opposite sides of the triangle, with the path difference being the original triangle boundary.

Remark 3.13. Given a non-simplicial 2-cell with a discrete vector bundle and connection, we can
easily extend the definition of the discrete curvature similarly through a difterence of parallel trans-
ports along two paths following the boundary of the cell from the evaluation vertex to the cut
vertex.

Equation matches the discrete holonomy expression from Equation . In fact, all
three expressions listed in Def.[3.12]are trivial extensions of the definition in Equation (3.1.4): since
RijoRji=1d,,, they are all equivalent up to post-multiplication. Similarly, changing the evalua-
tion fiber to another vertex than vy would simply require a pre-multiplication by the accumulated
parallel transport from v to the new evaluation fiber. Despite its apparent redundancy, the value
of this encoding is in its summability: the curvature 2—form for two adjacent simplices can be
summed if their evaluation and cut fibers are the same, resulting in an expression of the curvature
on the (now non-simplicial) union still representing the difference in integration of the connec-
tion form over two 1—chains evaluated at the evaluation fiber. Moreover, we will see in the next
section that the expressions we propose actually correspond to a particular choice of integration
of the curvature 2—form over 2—simplices using an ordering induced by a canonical retraction,
putting on a formal footing these seemingly arbitrary expressions.

3.2 Discrete Bundle-Valued Exterior Calculus

In the preceding chapters, we reviewed the theory and discretization of connections and intro-
duced a combinatorial description of discrete vector bundles and bundle-valued differential forms.
While this framework provides a natural discrete analog of the smooth theory, it remains unclear
how these discrete objects relate to their continuous counterparts in a manner suitable for analysis
and computation.

The first objective of this chapter is therefore to establish a notion of zntegration for bundle-
valued differential forms. Unlike the scalar-valued case, the definition of such integrals involves
both a choice of connection and a retraction that identifies nearby fibers. For numerical eval-
uation, these integrals must be expressed in a frame field. However, the resulting values depend
sensitively on this choice. A central contribution of this chapter is to show that, for a distinguished
class of frame fields, the bundle-valued integral admits a dual formulation that yields a canonical
guidance frame for discretization.

Along the way, we highlight several fundamental differences between the discrete calculus of
scalar-valued forms and its bundle-valued counterpart, stemming from the need to perform fiber-
dependent evaluations and parallel transport.

3.2.1 Integration of Bundle-valued forms

We reviewed in [Equation 1.5.7|that given a connection V and a path 7y, introduces a parallel trans-

port map along between the start and end fiber of the curve. Using these parallel transport maps,
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we can define a connection-dependent integration of a bundle-valued 1—form quite naturally.

Definition 3.14. Let 70 : E — M be a vector bundle over a smooth manifold with connection

V and let o € QY (M; E) be a bundle-valued 1~form. Fora curvey : [0,1] — M, we define:

1
vf o= Vf Va :jo Ry sty (7(1)dt € By,

Y [0,1]

where Ry, 1+ Ey (1) = Ey (o) denotes the parallel transport along 'y for a fixed t. We note that
the integral gives a vector in the fiber attached to the initial point of the curve y.

We can further extend this notion of connection-dependent integral V_[ to an arbitrary k-form
over a retractable region S C M: the existence of a connection allows us to define a proper inte-
gration through parallel transport to bring the final value to a same “evaluation” vector space, as

defined below.

Definition 3.15. Let 7 : E — M be a vector bundle with connection NV and let a € Q% (M; E )
be a bundle-valued k-form. For a region S C M, with S homeomorphic to a closed k-dimensional
ball, let : S — By(0) C R* bea homeomorphism from S to the unit k-dimensional ball cen-
tered at 0. Furthermore, let Pp(v),o(p): [0, 1] — @(S) = By(0) be the straight joining path
Jrom @(p) to a chosen point ¢ (v) and let y,,, := p! (Pow)pp)): (0,11 be the induced
curvein S. For p€ S let

Ry " € Hom(E,, E,) (3.2.1)

be the parallel transport along Vo.p- We denote by R the induced transport field, i.e., a func-
tion mapping a point p to a linear map between E, and E,,. We dcfine the parameterization-
induced connection-dependent integral as

(Zfa = j RV*%rq €E,.
S
S

If the choice of the parameterization is clear from context, we will suppress the parameterization
@ in the notation for the integral and denote the parallel-transport field as RV,

The connection-dependent integral can more generally be defined through a smooth strong
deformation retraction @, : [0,1]xS — S onto v €S, with the path  defined through y,(t) =

@y(1—t,p),since @, satisfies ¢, (0,p) = p, P, (1,p)=v,and @, (t,v)=v, see

While the above construction provides a well-defined notion of integration for bundle-valued
forms, it is a priori unclear how it relates to exterior covariant differentiation. The discrete exte-
rior derivative for scalar-valued forms finds a simple and exact discretization as the coboundary
operator in numerical versions of exterior calculus by leveraging Stokes’ theorem IS d- = Jas .
from which ensues a whole discrete de Rham complex [Bos98}, IDKT 08, [Arni8]. In our bundle-
valued case, finding a discrete version of the exterior covariant derivative d V is more difficult: for a
bundle-valued form a, one has to define the discrete equivalent of — and eventually, numerically
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Figure 3.3: Retraction. In this illustration, we consider a domain s and demonstrate the retraction
of s onto one of its boundary points v € s. For any point p € s, the aforementioned retraction
induces radial joining paths from p to v, which can serve as paths for parallel transport from source
point p to v. This parallel transport, defined along these paths, can be used subsequently to define
the parallel-propagated frame based in v.

evaluate — integrals of the type:

Jdva:Jda+JwAa:J a+JwAa. (3.2.2)
S S S dS S

Note that such integrals of bundle-valued forms necessitate a chosen frame field to be well de-
fined, in contrast to the scalar-valued scenario. Moreover, while Stokes’ theorem can be partially
leveraged as indicated in Equation , the last term of this equation is particularly difficult to
handle: it involves the integration of a wedge product which, even for scalar-based forms, endures
severe limitations in the discrete realm [Koto8]. In order to deal with these two issues, we define a
specific frame field that will enable a consistent framework for the discretization of bundle-valued
exterior calculus with convergence guarantees.

We now present a possibility to define integrate discrete bundle-valued forms, offering a tool
that allows us to turn smooth bundle-valued forms into discrete bundle-valued forms.

Designing gauge fields to simplify evaluations. Our approach relies on a simple, but key
property afforded by gauge transformations: there always exists a local frame field with respect to
which the connection 1—form is zero at some local point (see[Figure 3.4). As described for instance
in Thm 2.1, page 107], given a local connection 1—form w, one can always construct a
local frame field such that the connection 1—form @ after gauge transformation (i.e., expressed
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in this new frame field) vanishes at a given point ¢ € M. Therefore, an approach to discretizing
expressions such as Equation — and thus inducing the notion of a discrete (integrated) ex-
terior covariant derivative — is to design an “as-parallel-as-possible” frame field which will render
the connection 1—form w zero at a point in the simplex (we will use this point to be one of its
vertices, or sometimes, its center of mass): indeed, assuming the connection 1—form is Lipschitz
continuous, the use of such a frame field will bound the value of the last term of Equation by
the diameter of the simplex — thus guaranteeing its convergence to zero in the limit of mesh refine-
ment. Consequently, the integral of the exterior covariant derivative of a bundle-valued form over
asimplex evaluated in a properly chosen frame field will be expressible, just like in the scalar-valued
case, as boundary integral values only. This approach, which recovers Stokes’ theorem for flat con-
nections, will be key to ensure correct numerical evaluation in the limit of mesh refinement as it
will allow us to recover actual continuous values of exterior covariant derivatives of bundle-valued
forms.

Figure 3.4: We investigate two distinct frame fields on the same vector bundle with an identical
connection (E, V). The yellow vector is parallel transported by the same parallel transport rule
V along the curve. With a local frame construction facilitated by a rotation field RY, we can al-
ter both the differential and the connection 1—form. By employing a parallel-propagated frame
field (right), we achieve @' = 0 along the curve. To see that, note that the coordinates of the
parallel transported vector do not change along the curve. Therefore the matrix representation of
the parallel transport is the identity matrix. Hence its logarithm, the connection 1—form, is zero
along the curve. In contrast, when using a non-parallel-propagated frame (left), the connection
1—form does not vanish along the path. Intuitively, the parallel-propagated frame field on the
right “follows” the transport rule. Consequently, @ vanishes along these radial lines. This behav-
ior highlights the distinctive properties of the two frame fields in terms of their interaction with
the bundle’s connection.

Parallel-propagating frame fields. To explain more concretely how one can design a frame
field that bounds the wedge-product term from Equation (3.2.2), let us go back temporarily to
the continuous case, where we can formally construct a notion of parallel-propagated frame field
and understand its impact on the evaluation of the integrated exterior covariant derivative. We
now formalize this idea by introducing a specific class of frame fields.
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3.2 Discrete Bundle-Valued Exterior Calculus

Definition 3.16 (Continuous Parallel-Propagated Frame). Let 70 : E — M be a vector bun-
dle with connectionN. Let s = [vy,...,vp] C M be a region in M for which there exists a diffeo-
morphism to an C—simplex 0 =[wy, ..., w¢] where each point v; are mapped to an associated
vertexw; of 0. Let f be a local, arbitrary frame field of E over this region s. For any given corner
v €y, ..., v}, we also define a (strong deformation) retraction @, : [0,1] x s — s derived
from a canonical retraction @3, : [0,1]x 0 — 0 of the simplex o through the aforementioned
diffeomorphism, whose retracting paths are radially joining the vertex w associated to point v

(see|Figure 3.3|for an illustration in 2D); i.c.,

¢ [0,1]x0 >0 (3.2.3)
(t,p) »tw+(1—-1t)p.

Moreover, for any point p € 0, we denote by R"(p): E, — E, the N~induced parallel trans-
port map from E, to E,, along the path induced by the retraction @, and R™: R" — R the
matrix field representing R"(.) in the coordinate frame f.

A frame field {f,""} over region s is now called parallel-propagated frame field from
veMif
R™(p) " (p) = fav), forallpes, foralla=1,...,r. (3.2.4)

i.e., if the frame f,(v) at v has been parallel-transported throughout s via the connection V.
Furthermore, we call R"" the gauge field of the parallel-propagated frame field from v € M,

seelligure 3.5

Wy

wo

Figure 3.5: Parallel-propagated frame field. Given a simplex o and a diffeomorphism 1 into
M, let s = (o). Fix a frame of E at the base vertex v( and extend it over s by parallel transport
with respect to the connection V along the retraction-induced paths. By construction, transport-
ing the frame at any point p € s back to v recovers the original frame. The connection 1-form
represented in this frame vanishes at the source point v.

With this notion of a parallel-propagated field (denoted PPF subsequently for short), we can
now define how a form is expressed in such a PPF field:
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Discrete Exterior Calculus of Bundle-Valued Forms

Definition 3.v7. Using the same setting as in Def.[3.16\we denote the representation a™ in the
PPF from v of an E-valued (—form o € QY M;E) through:

fav,v(av,v)a —q = faaa — ( bv,V(Rv,y)Z)aul

where a denotes at the same time the C—form and its local expression with respect to the local
frame f. We bave
a” =R"a. (3.2.5)

Similarly, we denote the representation of the local connection 1—form w (associated with the
connection V) in the PPF from v undergoing the gauge transformation by

wV,v - RV,v(w _ (RV,V)fldRV,v)(RV,v)fl,
see Equation (.5.3).

Remark 3.18. Let us note that a connection-dependent integral can be written in terms of the

o= [Rra= [RE@rgee) - [@rnweE,

where we used Equation . Because of the last expression, in our development below, this
E,—valued integral will be often identified with the IR"—valued integral of the local expression

a’, namely, with
Jav,v — JRV,vaI
S S

see Equation (3.2.5). Here R the matrix of R"" with respect to the frame {f,}. One passes from
one to the other representation by using the frame {f,} at the point v.

frames as

Note that with the change of frame field from {f,} to {f,"}, forms are not the only entities
changing: the differential 4 also changes its coordinate-based expression in the PPF frame accord-

ingly.
It is now a trivial exercise to check that w“*(v) = 0, i.e., " vanishes at the point v, by con-

struction. Assuming that the curvature 2—form admits a Lipschitz bound, we can thus deduce
that [|w"|| = O(h) on s, where h is the diameter of the simplicial region s. If we now express the

exterior covariant derivative in this novel frame field {f,”"}, as explained in Section 1.5.2} [Equa-
tion 1.5.9, we obtain with this choice of coordinates the following connection-dependent expres-

sion:

(dva)w =da” + " ANa™.

We now recall from Def. that the connection dependent integral is given by

(,,VVJ dVa = IRV'”dVa €E,.
S

S

Ascommented above, this E,, —valued integral can be identified with the R" —valued integral L (dVa
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which yields

J(dva)v'” = Jdav'” +o” Aa" = J a + wa Aa'
s s ds s
= f R™a + fa)v’” Aa. (3.2.6)
ds s

Given that the volume of s is of order h*1, the last term L " AR% v is of order O(h?*?) due
to our choice of frame field — thus negligible when analyzing the convergence under refinement
of the integrated exterior covariant derivative of the bundle-valued form a. Only the boundary
integral term is of order O( hf*1) and thus dominates under refinement. It holds

J(dva)v"’ = L av’ + O(hf*?). (3.2.7)

Remark 3.19. We introduced in the notion of a geodesic polar map that we used
to construct a frame (e, e1). This construction amounts exactly to a parallel-propagated frame
based at the vertex of the evaluation domain.

Consequences. From Equation , we notice that we can define a discrete bundle-valued
exterior calculus built out of discrete forms which are the integrals of their continuous counter-
parts evaluated using parallel-propagated frames: once the high-order wedge product term is ne-
glected, we get that the PPF-evaluated integral of the exterior covariant derivative of a form & over
asimplex s can be well approximated by PPF-evaluated integrals of the form a over the boundary
faces of s — a simple extension of the regular discrete exterior derivative for scalar-based forms
defined via Stokes’ theorem. The remainder of this paper describes this approach in detail; we will
even show that notions that we proposed previously, like the discrete curvature two-form for ex-
ample, can also be understood in light of this PPF-based calculus, providing a formal link between
discrete and continuous calculus.

3.2.2 Revisiting the Discretization of Bundle-valued Forms

While Def. 3.5 formalized a discrete bundle-valued differential form as a collection of abstract
maps, we can now express what these maps are in relation to the continuous case. Once this dis-
cretization (often referred to the de Rham map for scalar-based discrete exterior calculus [TKBool )
is defined, we can then define a notion of reconstruction which provides a differential form inter-

polating the discrete mesh values (referred to as the Whitney map in scalar-based discrete exterior
calculus [TKBg9)).

De Rham map for bundle-valued forms.  Based on the continuous retraction explained in[Secq
the value of a discrete form evaluated on a simplex o at a vertex v could be defined as
the PPF-induced integration of its continuous counterpart form, where a simplicial region s of a
continuous manifold is approximated as the simplex o, i.e.,

a(o,v):= JRV’”a €E,. (3.2.8)
S
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However, having to store values for each pair of simplex o and corner vertex v grows rapidly with
the dimension of the simplex, and it does not match the number of degrees of freedom of the
scalar case of discrete or finite-element exterior calculus.

Instead, we propose to use a barycenter-based PPF per simplex, leading to a single value
per {—simplex for an {—form as conventional discretizations of exterior calculus of scalar-based
forms [Bos98,IDKT08,Arni8]. Corner evaluations for this simplex can then be achieved through
parallel transport R, . from its barycenter ¢, to one of its corners v — which is either evaluated us-
ing the continuous parallel transport or approximated using the discrete 1—connection (through
the integral of a least-squares estimate of a linear w within the simplex or the use of Whitney basis
1—forms); in this case, the discretization of a bundle-valued form evaluated on a simplex o at a
vertex v becomes:

a(o,v) =Ry | R"a €E,. (3.2.9)
S

In practice, one could store directly the barycenter-based value, or just one of its derived corner
values per simplex o as all other corner values can be recovered through parallel transport. While
these two definitions exactly match for 1—forms as parallel transport along edges is known (while
it has to be interpolated from edge values for higher-order simplices), they differ by O(h'*3) fora
general {—dimensional simplicial region s. Note that both definitions are frame-dependent: they
rely on a canonical frame field, the PPF. This is a specificity of bundle-valued forms on non-flat
manifolds as it involves non-commutative compositions of parallel transport: discretization must
account for a particular choice of a local frame field to even make sense. Once these initial simplex
values are established via the resulting de Rham maps we just described, the actual continuous
manifold can be forgotten as all computations of our discrete calculus will solely use these values
of discrete forms.

Whitney map for bundle-valued forms. Given the definition of the de Rham map described
above, constructing a Whitney map (mapping all the barycenter-based values of all £—simplices of
a discrete bundle-valued {—form a to a differential bundle-valued form &) is rather simple.

In the scalar valued case, we recall that if we are given a simplex T = [vy,...,v,,] of dimension
m > ¢, we can for a vertex v; € T define barycentric coordinate functions ¢, : T — [0,1] (or
Whitney-0-forms) as the unique affine function that is 1 at the vertex v; and zero at any other
vertex. Following [Whis7], we can define the Whitney {—form associated to the {—simplex

o =|wg,...,we] C T as follows:

e =00Y (~1)'py, dpy A.. Ndpy Ao AdeDy,.

||"[\/]m
o

For a simplex T of dimension dim(7) > ¢, let t be the simplicial region that is the image
of T under a diffeomorphism following the conventions in Def. Let o¢(7) be the set of all
simplices of dimension ¢ included in 7. The reconstruction of a difterential {—form & expressed in
the barycenter-based PPF of T can be achieved through the weighted sum of the discrete bundle-
valued forms for all {—dimensional simplices 0 € o?(1). The pointwise evaluation of & for a given
point p then depends on the lowest-dimensional simplex 7 that contains p: the evaluation of the
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3.2 Discrete Bundle-Valued Exterior Calculus

bundle-valued {—form & on T at point p € T given by

a,(p)=R™“ ()" ) Reoe, olp)alo,cs) €Q(r,E), (3:2.10)

oeol(T)

where ¢; is the Whitney {—form associated with o within 7,and R_isbarycenter-to-barycenter
parallel transport constructed based on the discrete 1—form connection. One can check that the
de Rham map of a Whitney map of a discrete bundled-valued form is the identity, providing a
proper link between continuous and discrete bundle-valued forms: indeed, for a given f—cell 77,
the Whitney map for any point p inside 7 is given by

dp = Rwﬂ(p)_l Z ch,cg qbo(p) a(o, CG)ZRW”(p)_ch”,cn ¢q(p) d(ﬂ; Cy ),

oeat(n)

since the set of all £—simplices o (17) is reduced to 77 for any p € 11. Therefore, the re-discretization
of the Whitney map through the integral in the parallel-propagated frame field yields back the

original discrete form.

Remark 3.20. Note that we provide, through |[Equation 3.2.10} a piecewise expression of the

Whitney map to convert the discrete values of {—simplices into a differential form. This should
not be surprising as transitioning between simplices of different dimensions means that the local
frame field changes. Consequently, the coordinate representation of the form’s evaluation may
exhibit jumps across simplices. While readers may find this behavior perplexing, it mirrors the
jumping behavior already observed in scalar-valued Whitney forms when changing cells, as only
tangential continuity is enforced. Moreover, in our case, we must now also accommodate the
varying frame fields, leaving no choice but to use a piecewise definition.

Remark 3.21. It is possible to construct a PPF for any small neighborhood containing multi-
ple simplices with an arbitrary initial local frame field. Indeed, we may consider a geodesic graph
with edges connecting the barycenter of each simplex to the barycenter of each of its incident sim-
plices. Picking a seed center ¢, we can parallel transport its frame to all the barycenters in the
neighborhood through a minimum spanning tree. We then parallel-transport the frames at each
barycenter to all the points within the interior of its associated simplex. In this PPF covering the
neighborhood (we can make it smooth through convolution with a mollifier if the frame field
needs to be continuous), the integral of any {—form can be assembled through RCOO,CG alo,cy)

with an error of O(h¢+2)

under the assumption of bounded curvature. This allows bundle-valued
{—forms to be locally treated as a vector-valued {—cochain through integration over an oriented lo-
cal {—submanifold discretized as an {—chain. However, one should note that it is path-dependent
on the choice of parallel transport (through a minimum spanning tree in our example), and will

not result in a discrete version of Stokes’ theorem, as expected from the continuous theory.

3.2.3 Discrete Exterior Covariant Derivative for Bundle-valued Forms

In this section, we formally define our discrete operator for the exterior covariant derivative, in
two steps to highlight the similarities and differences with previous work.
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Sided Exterior Covariant Derivative. Guided by Equation (3.2.6), Equation (3.2.7) and our
meaning of a discrete form from Equation 1 , we first define a discrete operator dY which

approximates the exterior covariant derivative.

Definition 3.22 (PPF-induced Exterior Covariant Derivative). Let M be a discrete manifold
and B — M be a discrete vector bundle with connection V= {R;;}. Let 0 = [vy,...,v¢41] be
an (€ + 1)-simplex and a a discrete E—valued (—form. We define the sided discrete exterior
derivative of the form a as

Wa([vy,...,vee11,v0) =Ro1 a([v1,...,vei1]v1)
l+1

+ Z(—l)ia([vo,...,ﬁi,...,v5+1], Vg). (3.2.11)
i=1

Remark 3.23. The operator dY was already introduced in an equivalent form in [BEHSa1] as zhe
exterior covariant derivative. One of our contributions is to show that if the discrete form « arises
through integration in a vertex-based PPF and the discrete connection V arises through integration
from a smooth connection V, then this operator approximates the integral in Equation
with

a([vy,...,vee1 ] vo)= JRWO d¥a+O(ht*?)
S

and, thus, converges under refinement. To see this, consider the case of a one-form & and a triangle
0 = [v,,vp,v.] € M. From Equation (.2.6), we know that the integral over o of the exterior
covariant derivative in the PPF based at v, turns into

J R%dVq = f R q + J R q + J R™a +O(h),
o [varvp] [vo,vc] [verval

see Remark Def.tells usthatdVa([v,, vy, ve], v,) = Ry, v, @[y, Vel vp)—a([ve, ve] va)+
a([va, vy, v,). Since our values from the discrete form a were induced from a v,—centered PPF,
we have

f R a = a([v, vy v,) and f R™a = —a([v, vc], va),
[Va,l'b] [Vcrva]

hence the continuous and discrete definitions match if we can prove that:

R, v, @([vp,ve] vp) = J R¥a = O(h?).

[Vb’vc]

Indeed, one has:
Ry, R"™a - j R a = J (vavav’”b — R ) @, (3.2.12)
[vp.v] [ve,vc] [vp,ve]

and since for any point p in ¢ we can build an auxiliary simplex [v,, v}, p] such that Equa-
tion (3.2.12)) turns into an integral of evaluations of discrete curvature expression in the sense of

Def. [3.12} we get
(R, R =R™) (p) = Q¥ ([v4, vp, p, v p) ~ O().
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Below, we will delve into further detail regarding how the discrete curvature, defined as the dif-
ference of parallel transport, accurately approximates the sampled smooth curvature up to order
O(h3). This analysis will provide justification for the estimation QY ([v,, vy, p], v4, p) ~ O(K?).

Hence, the discrete operator dY will converge in the limit to the correct pointwise value of
the exterior covariant derivative. Note that this argument holds for a form of arbitrary order ¢:
each time, it is the opposite face to the evaluation vertex that needs to be examined to prove the
equivalence between discrete and continuous definitions up to O(ht*?).

Averaging Derivatives. While we proved the convergence of Y to its continuous equivalence,
one may note that the order of accuracy is not sufhicient to ensure that two consecutive appli-
cations of this operator (Y o dV) will still converge, which is the real obstacle to establishing the
Bianchi identities ( Equation and Equation ) We thus further alter our discrete exte-
rior covariant derivative operator to gain one additional order of accuracy through local averaging,
with an operator we denote as the alternation operator.

Definition 3.24 (Alternation Operator for Discrete Bundle-Valued Forms). Let E be a dis-
crete vector bundle with connection V = {R;j}(ijee over a discrete manifold M. Let 0 =
[vo,...,v¢] € M be an C—simplex. For a discrete E valued —form a we define its “alternated”
form AltY (@) on o evaluated at vy via

1
AltV(a)([vo,...,vg],vo) = m Z Sgn(n)Rvo,vn(O)a([vn(O)"‘"vn(f)]fvn(O))-

TIGSZH

where S¢..1 is the set of all permutations 10 of the (€ + 1) vertices of 0.

Remark 3.25. Note that this operator allows us to transform Y so that the second vertex singled
out in Equation of Def. no longer plays a distinguished role: the alternation averages
all the analogous sided exterior covariant derivative estimates obtained from the remaining ver-
tices. It is worth emphasizing that the alternation operator is purely combinatorial and remains
well-defined as a map on abstract bundle-valued forms, requiring neither a metric nor a parallel-
propagated frame. When the discrete forms do arise through integration in an appropriate PPF,
it is precisely this reshuffling of the sided derivative that secures the improved convergence order
under refinement. Moreover, one readily checks that the connection 1-form is stable under this
alternation operator.

Remark 3.26. Note that the alternation of a discrete bundle-valued form requires a connection
to allow for the averaging to be performed in a common fiber, in contrast to the direct sym-
metrization of the smooth case. It is thus easy to show that in general, AltY(AItY (a))(o,vg) =
AltY(a)(0,vy), ie., the alternation operator is not a projector. However, we preserve the fact
that the alternation operator commutes with the pullback of a simplicial map in the sense that

A V(fra)(o,v0) = AltY(a)(f (o), f (vp)).

Discrete Exterior Covariant Derivative. We now propose to change the formula of the exte-
rior derivative as follows.
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Definition 3.277 (Discrete Bundle-valued Exterior Covariant Derivative). Let E be a discrete
vector bundle with connection V over a discrete manifold M. Let 0 CM with o =[vy,..., V1]
be a (€ + 1)-simplex. For a discrete vector-valued differential (—form a we define the discrete
exterior covariant derivative with the alternation from Def. m

dva([VOf A /S | ]I VO) = AltVDV(a)([vO, e Vey1 ],1}0).

Applying the alternation operator after dV removes the arbitrariness of picking the second
vertex in the simplex o in Equation , thus in effect averaging various szded exterior covariant
derivative estimates of equal approximation order O(h'+?). Through the averaging, the resulting
discrete exterior covariant derivative gains one order of accuracy, becoming accurate to O(h'*3).
This accuracy improvement is akin to the accuracy gain one obtains when using centered vs. sided
finite difference approximations of derivatives. More precisely, we will show in the convergence
proof in Theorem that if @ € QY(M, E) and a is the associated discrete form as defined in
Equation (3.2.8), then the following holds

dVa([vo,..., 61} v0) =Ry, fR d¥a+O(H*?),
S

where c denotes the barycenter of a region. The quantity on the left hand side is still a discrete
bundle valued form in the sense of’ however this result shows that if the discrete
form a is obtained through discretization in a PPF, the alternation of the sided covariant exte-
rior derivative approximates up to order O(ht*3), the integral of the continuous covariant exterior
derivative in a barycenter-based PPF, transported back to vg.

3.2.4 Discrete Endomorphism-valued Exterior Covariant Derivative

After defining a discrete exterior covariant derivative applicable to bundle-valued forms in
tion 3.2.3} we need to extend this operator to discrete endomorphism-valued forms as well in order

to be able to apply it, for instance, to discrete curvatures.

Definition 3.28. (PPF-induced discrete exterior covariant derivative for endomorphism-valued
Jorms) Let E be a discrete vector bundle over a discrete manifold M with connection V={R;;}.
Let 0 = [vg,...,ve41] C M be a (€ + 1)-simplex and B be a discrete (1,1)-tensor valued
C—form. Finally, for v € o, let 0, = [vq,...,V,..., V1] be the simplicial face of o opposite
to vertex v. We define the PPF-induced discrete exterior covariant derivative on simplex o for
(1, 1)-tensor valued forms given an evaluation fiber B, and a cut fiber €., | through:

¢
2 B(0,v0,v041) =Ro1B(0vy V1, ver1) + ) (—1) B0y, V0, Ver1)
i1

1

+ (=1 B0y, V0, ve) R gs1-

This new definition is simply a variant of Def. to account for the two-prong nature of discrete
endomorphism-valued forms. It was already proposed, as s, in [BEHSz1]; but for the same conver-
gence issues discussed earlier, we must complement this sided definition with a post-alternation to
make it useful numerically, which also requires a new definition for the case of (1, 1)-tensor-valued
forms, as given below.
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Definition 3.29. (Alternation Operator for Discrete (1, 1)-tensor-valued Forms) Let E be a
discrete vector bundle with connection V = {R;j}(ij)ee over a discrete manifold M. Let o =
[vo,...,v¢] € M be an C—simplex. For a discrete (1, 1)-tensor valued —form B we define its
“alternated” form AtV (B) for an —form B on the simplex o evaluated in v with input in
v through

AltYB([vy, ..., ve], vo, ve)

1 1 +sgn(m)
= m Z (TRvo,vn(o)ﬁ([vrc(O)v--’vrc(f)]l vT[(O)’vT((g))Rvn(g),Vg

TESpy

sgn(m)—1
+ ) Rvoﬂ/n(mﬁ([vﬂ(o)’ e vﬂ(f)]’ Vn(0)s vn(g))Rvn(f)rvn(f—l)Rvn(l—l)fvf :

Remark 3.30 (Invariance of the alternation for the curvature form). Note that the curvature form
is stable under this definition of the alternation of (1, 1)-tensor valued forms: for a simplicial cell
o = [abc], one can directly check that

AlYQY([abc),a,c) = %(QV([abc], a,¢)+ R, QY([beal, b, a)Rye+ R, QV([cab], ¢, b) Ry,
~QV([acb],a,b)Ryc~ Ry QY([bac],b,c)-Ro V([ cbal,c,a)Re Ryc)
= QV([abc],a,c).
This property would not have held if an average with pre- and post- composition along a joining

edge had been used.

From the two operators above, we can now define our discrete exterior covariant derivative for
endomorphism-valued forms.

Definition 3.31 (Discrete endomorphism-valued exterior covariant derivative). Let E be a
discrete vector bundle over a discrete manifold M with connection V={R ;.

Let 0 = [vg,...,ve41] C© M be a (€ + 1)-simplex and B be a discrete (1, 1)-tensor valued
C{—form. We define the discrete exterior covariant derivative on simplex o for (1, 1)-tensor val-
ued forms given an evaluation fiber B, and a cut fiber €.,  through:

d¥B([vo,. .. V1) 0o, vesr) = AlVDY B([v, ..., ves1 ], v0, Vs ).

As we will discuss at length in [Section 3.3.2) when we provide numerical tests, our proposed

operator for endomorphism-valued forms satisfies our initial goals of proper accuracy order and
consistency with the vector-valued case (so that we obtain a discrete algebraic Bianchi identity).
However, it is not the only definition with these properties: while we average over all possible
permutations, one could pick only a subset of permutations (which, in practice, improves the
efficiency of the computations). In this case, not all combinatorial properties will be fulfilled.
However, the improved order of convergence in the limit can still be maintained.

Remark 3.32. In the smooth setting, dV for endomorphism valued forms is induced from av
for vector valued forms by enforcing the Leibniz rule. The discrete R operator of [BEHS21] sat-
isfies this property. We do not explore this relationship further in this work and leave it for future
research.
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3.2.5 Revisiting Discrete Curvature

The earlier definition of the discrete curvature two-form QV inwas postulated directly
from a discrete connection V (and its associated connection one-form w, see as
an early example of discrete (1,1)-tensor-valued form: it was obtained by extending the notion of
holonomy-based curvature by measuring the difference of parallel transport on two different paths
between a “cut” and an “evaluation” fiber. Now that the link between discrete bundle-valued
forms and continuous ones through PPF-dependent integration has been established, we revisit
this key notion to show that it mirrors the continuous definition of the curvature two-form after
a specific contraction-based integration.

Continuous case. We consider a contractible two-dimensional region C (assumed, without loss
of generality, to be a disk of a smooth manifold M and a vector bundle 77 : E — M with con-
nection V. Given a local frame field F = {f,}, the connection can be expressed with the local
connection 1—form w, and the curvature 2—form is locally given as QV = dw + w A w, see
Equation . Let us select two points, v and w, on the boundary dC of C. The point v
corresponds to the evaluation vertex discussed above in the discrete case, while w corresponds to
the cut vertex. We denote by y,, ,, C dC the path joining v and w along the boundary of C with
positive orientation, and by y, ., the corresponding boundary path with negative orientation,
such that y, ,, =y, , = dC (see inset) We proceed by generating a

new frame field, denoted as {f,}, through parallel transport. The ini-

tial frame, f,(v), situated at vertex v, is transported along two distinct

paths: ¥, ., and y; .. The discrepancy between the frames, which re-

sults at vertex w after the parallel transports, is intricately linked to the

holonomy. Extending this frame construction to the interior of C in-

volves a retraction corresponding to a 2D polar (p, 0) parametrization of the interior of C: in
this parametrization, e, aligns consistently with the retracted boundary, as depicted in|Figure 3.6
with vertex w fixed. From this parametrization, we can construct a new frame field by paralle

transporting the boundary frames along the e, direction towards the interior of C. This process
forms a new frame field, f,R? = f,, where R denotes the rotation field responsible for adapting
vector components from the local frame field {f, } into the new frame field F = {fa)-

It now holds for the connection 1—form ¢ in this new frame field that @ = RwR™'~(dR)R~1.
Consequently, for any point p € C\w in the punctured region, one has @, (¢,) = 0. The curvature
form QV in the new frame field becomes QV = ROR™! (see [Section L.s). With the components

expressed in F, one has

QV=do+d A @.
However in the punctured region C\ w, @ A @ = 0, since @ A @(ep, e9) = @(e,)d(eg) -
@(eg)@(ey) = 0 except at the singularity w. Thus, the integral of the curvature becomes:

f RQVR! = J Q¥ = f A+ DO N D = J @. (3.2.13)
C C C dC

In other words, the fact that we parallel-propagated the frame f,(v) at v through retraction proves
that the mismatch at w when we parallel transport the frame along the two sides of the boundary
from v (which was, in essence, the meaning of our discrete curvature evaluation) is exactly equal
to this retraction-induced connection-dependent zntegral of the curvature 2—form.
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Ucut

Ueval

Figure 3.6: Retraction-based parameterization. (Left): a retraction of the disk defines a (p, 0)
parameterization of the (punctured) disk, where the p direction is along the retraction direction,
while the 0 direction corresponds to a transversal direction. (Right): Starting from a parallel-
transported frame field Fe,| from v, along the boundary, we can parallel-propagate this bound-
ary frame field towards the interior of the punctured disk along the curves corresponding to the
v direction of this retraction-based parameterization. The curvature integral simplifies to the
discrepancy between frames at v, transported from vy, via the retraction, and evaluated in
Hom(E, ,E, ).

Veut Vcut

| o)

Deval Deval

Figure 3.7: Disk to Triangle. A parallel-propagated frame over a disc induces a parameterization
within the triangle once a homeomorphism to transform the disc into a triangle is defined. We
illustrate the resulting parallel-transport paths as images under the homeomorphism map. The
integrated curvature in this frame field precisely corresponds to the disparity in parallel transport
along the two distinct boundary paths connecting the cut and evaluation fibers.

Consequences for the discrete curvature two-form. The interpretation of the frame mis-
match described above brings a series of consequences. First and foremost, it puts our defini-
tion of the two-prong discrete curvature 2-form sketched in on solid footing, as the
continuous argument above remains valid on a 2-simplex 0 = [v, u, w]. Additionally, it justifies
the summability of this definition, in stark contrast to a holonomy-based notion of curvature:
if one considers a second simplex 0’ = [w, z,v] sharing the edge {v, w}, then Q¥ (0, v, w) and
QV(0’,v,w) can be summed to yield the discrete non-simplicial curvature Q¥ (0 U 0”, v, w): the
two canonical simplicial retractions combine into a retraction over their union, so the induced
parallel-propagated frame field on each simplex coincides with the one obtained by applying the
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construction directly to the union cell (see[Figure 3.8). Consequently, the two-prong discrete cur-
vature extends without modification to non-simplicial contractible cells, and the sum of two cur-
vatures over a region delimited by a discrete edge path between evaluation and cut vertices arises
naturally, as the parallel transports along the shared edge cancel on both sides.

We now show that the two-prong discrete curvature agrees with the pointwise evaluation of
the smooth curvature 2-form to order O(h®). For a simplex 0 = [Veyal, W, Veyt ], the curvature
integral in the parallel-propagated frame reduces to the frame mismatch at v y;:

Vp-1 ~
J RQ K - L “= Rvevalewvcut - Rvevalrvcut'
o (o2

We relate the left-hand side to L QY by splitting:

j RQVR!' = J (R-1d)QR™! +J QYR -1d) +J QV.
o o o o

By construction, R(Veya1) = Id, so R —Id vanishes at vey,) and satisfies R —Id = —@ + O(h?)
via the first-order Taylor expansion of R. Since @ = O(h) throughout o by the PPF construction,

and vol(c) = O(h?), a Lipschitz bound on QY and R gives:
J (R-1d)QVR™ ' e O(H3).
o

For the second term, we use the fact that matrix inversion is smooth on GL(r), with differential
0=d(R'R)=d(R"Y)R+R'dR, ie. d{R')=-RYdR)R
Evaluating at the identity gives d(R™1)|r=1q - SR = —OR, so by Taylor expansion:
R'=1d—(R-1d)+O(|R-1d|]?),

where the remainder is controlled uniformly for h small, since R remains in a compact neighbor-

hood of Id in GL(r). Therefore:
R1—1d = —(R-1d) + O(h?) = @ + O(h?),
and the same area-and-Lipschitz argument yields Lj QV(R™! -1d) € O(h3). Hence:

J RQVR™! = J QY +0(n3).
o o

Sampling the integrand at vey,) then gives

v v 3
f Q' = Qveval(vcut ~ Vevaly W — veval) + O(h ),
o
and combining:

v 3
QY (0, Vevals Veut) = Rvevalwavcut_Rvevalvcut = veva](vcut_vevalf W—TVeyal)+O(H7). (3.2.14)

The O(h®) accuracy is therefore a direct consequence of @ = O(h) within the simplex. As
we show next, switching to a center-based parallel-propagated frame improves @ to O(h?), which
propagates through the same argument to yield O(h*) accuracy — consistent with the numerical
convergence rates observed in[Section 3.3.3} For the convergence proofs that follow, however, the
key ingredient will be a pointwise bound on the curvature form compared to the parallel transport
discrepancy.
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Veut DVcut

Ueval Ueval

Figure 3.8: Summing Curvatures. For two triangles using the same two prongs (Vcyt, Veval ), the
curvature evaluated over their union will be the sum of the curvatures with the same two prongs
because the parallel-propagated frames derived from these two prongs properly align.

PPF-induced Discrete Exterior Covariant Derivative for the Connection One Form. When
computing the discrete exterior covariant derivative of a vector-valued form, only an evaluation
fiber suffices for the definition of a parallel-propagated frame field. However, when dealing with
the exterior covariant derivative of the connection 1—form, it becomes necessary to specify both
a cut and evaluation fibers since the result is a curvature, i.e., a (1, 1)-tensor in this particular case.
Upon specifying these parameters, we obtain an induced parallel-propagated frame field, as illus-

trated in This reduction leads to the boundary integral:

JRQVR‘lzf Q’V:J da3+ca/\ca:f @.
C C C JdC

To evaluate the Lie algebra integral, we can treat the columns of the connection 1—form as
three independent vector valued 1—forms. This motivates the definition of the PPF-induced ex-
terior covariant derivative, evaluated at vey,) and cut at vgy:

\Y —
b w( [veval’ w, vcut]r Vevals vcut) E Wy wt Rw,veval Dy ™ Pveya,Veut”

for a given discrete connection V with discrete connection form w.

Note that this PPF-induced discrete exterior covariant derivative shares a resemblance with
the vector-valued one, akin to the smooth case: by regarding the matrix of the discrete connection
1—form as a set of r vector-valued differential forms, the PPF-induced discrete exterior covariant
derivative manifests as a vector-valued discrete exterior covariant derivative on these vector com-
ponents. The case of the connection 1—form is, however, special: the exterior covariant derivative
of the connection 1—form is not a Lie-algebra valued quantity anymore, buta (1, 1)-tensor valued
2—form instead, necessitating in the discrete case the addition of a choice of “cut fiber”. Using the
definition of the discrete connection 1—form, see Equation we obtain that indeed:

\%

b o [vevall W, Veut ], Vevals Veut) (3.2.15)
= (Rvevalrw - Id) + Rveval’W(Rw’cht - Id) - (Rvevallvcut - Id)
= RvevalrwarCUt - Rveval,vmt = QV( [veval’ w, vcut]r Vevals Vcut ); (3-2-16)

justifying, a posteriori, our definition of discrete curvature.
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3.3 Properties and Convergence of our Discrete Operators

In the previous sections, we introduced a discrete calculus for discrete bundle-valued forms in
a principled manner, based on parallel-propagated frames. We now shift our focus towards dis-
cussing the resulting properties of our discrete operators, before analyzing their convergence un-
der refinement. We will then provide quantitative evidence through numerical tests to verify our
claims, both in terms of properties and of convergence order.

3.3.1 Properties of the Discrete Exterior Derivative

The discrete exterior covariant derivative d ¥ introduced in Def. has several intrinsic proper-
ties, and as it differs from the operator introduced by [BEHS21] mostly through a post alternation,
it also inherits combinatorial properties proven in [BEHS21]. We review them next.

Naturality of d¥. As mentioned in Equation (r.s.10), it is an important result in the theory of
smooth exterior calculus that the pullback commutes with the exterior derivative. For the discrete
operator dV, a similar result holds true due to a lemma proven in [BEHSz1].

Lemma 3.33 (Pullback commutes with 8V, from [BEHS21))). Given a simplicial map f : M —
N between two discrete manifolds M and N, and a discrete vector bundle with connection (E, V)
over N, let & be an E—valued discrete —form. For a (€+1)-simplex 0 = [vy,...,vp,1] of M,
one has:

fr@Va)o,v) = Vfra(f (o), f(vg))

Corollary 3.34 (Naturality of d V). Given a simplicial map f: M — N between two discrete
manifolds M and N, and a discrete vector bundle with connection (E,V) over N, let a be an
E—valued discrete C—form. For a (€+1)-simplex 0 = [vy,...,v¢11] of M, one has:

fr@dva)(o,vo)=ad"Vfra(f (o), f(vo))

Proof. Thisisadirect consequence of the previous lemma and the fact that the pullback commutes
with the alternation operator as mentioned in Rem. O

Antisymmetry of d¥. In the scalar-valued case, discrete differential forms are skew-symmetric
maps, in the sense that permuting the vertices of an evaluation simplex leads to multiplication with
the sign of the permutation. In the bundle-valued case, discrete differential forms are defined as
abstract maps mapping into a vertex fiber of a given cell. Therefore, our operator is antisymmetric
as long as we keep the evaluation fiber fixed, since any switch of two vertices will result in a sign flip
in the evaluation of dV due to the alternation within its definition.

Differential Bianchi identity. The celebrated second Bianchi identity reviewed in Equation (r.s.13)
holds exactly in the discrete setting.
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Proposition 3.35 (Differential Bianchi identity). Let E be a discrete vector bundle with connec-
tion V over a discrete manifold M. For any 3—simplex o = [v(,v1,v,,v3] C M. One has:

dvQY(o,vy,v3) =0 (3.3.1)

Proof. As proven in [BEHS21], we know that 8VQV (0, v, v3) = 0. Therefore,
dVQV(o,vy,v3) = AltVVQY (0, vy, v3) = 0.

O]

Algebraic Bianchi identity. The algebraic Bianchi identity, reviewed in Equation (r.5.18)), also
holds in our discrete calculus. While [BEHS21] showed that their exterior covariant derivative
satisfies

beVa([vo,...,Vg+2], VO):QV([VO:UerZ]fVO:VZ) a([vy,...,Ves2] v2)

for any vector-valued form e, our discrete exterior covariant derivative satisfies the algebraic Bianchi
identity for an implicitly-defined combinatorial wedge product.

Definition and Theorem 3.36 (Algebraic Bianchi Identity). Let M be a discrete manifold
with a discrete bundle B and connection V. Further let & be a discrete B~valued (—form and
0 = [Vo,- .-, Vesp] a (€+2)-simplex. In this case there exists a set K € C?(0) x C% o) consisting
of 2— and —subcells of o such that for all (m, x) € K with a shared vertex w,, . we have

1

dVdV“(U’V0)=m Z Qv(f’volwm,K)a(Klwm,K)
) " (m,x)ekK

= QY A a(s,vy),

where the sum defines implicitly a wedge product between the curvature 2—form and a,
reminiscent of scalar-based wedge products defined through cup products [Hiros|]. Similarly, for
any (1, 1)-tensor-valued C—form B, two consecutive applications of our discrete exterior covariant
derivative dY yield implicitly a discrete commutator:

dvavp =[QV A Bl

Proof. Fordiscrete (1, 0)-tensor valued forms, see App. The case of discrete (1, 1)-tensor valued
forms is similar — but for an evaluation fiber E, ; and a cut fiber E,, , one has:

ﬁvi‘vﬁ([vw coVes2], V0, Ve42)
= QY ([vo,v1,v2]v0,v2) B([V2r - Ves2], V2, Vo4 2)

— B([v0,-- v} vo, v)QV (v, Ver1, Ver2 L Ve  vesa)s

hence the resulting commutator. O
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Remark 3.37. In the realm of scalar-valued DEC, Kotiuga [Koto8] established theoretical limi-
tations regarding the definition of a discrete scalar-valued wedge product. However, associativity
of the wedge product is not an issue in our context, as there is no inherent product structure on
the bundle; and graded anti-commutativity is irrelevant given the non-commutative nature of the
underlying product for (1, 1)-tensors, and vectors.

Since the operator dV is a well defined map between the set of bundle valued differential (-
forms and (€ + 1)-forms, its composition is associative, thus it holds

dVo(dVodV)=(dVodV)od".

By the implicit definition of the wedge product, this yields for any general discrete bundle valued
form «

AV QY Aa)=0QY AdVa. (3.3.2)

We emphasize that the wedge product defined above is only defined for the curvature 2—form and
avector valued {—form. It is not a general discrete wedge product, since it is defined implicitly by

lying dV twi bundle valued £-fc Th hysical theories wh -
applying d " twice to a vector bundle value orm. There are physical theories where a more gen
eral product is required. However the observation in Equation (3.3.2)) shows us that the operator
is structure preserving in the sense that it satisfies the Leibniz rule

d¥(QV Aa) = avaV Aa+(-1)2QVAdVa=QV AdVa.
——
=0
differential Bianchi identity

However we will demonstrate, in|Section 3.3.3|that our discrete wedge product converges un-
der refinement toward the smooth wedge product when applied to the proper discretization of a
smooth form — unlike the definition given in [BEHS21] as they did not properly relate discrete

and continuous bundle-valued forms, see|Figure 3.1

Remark 3.38. Given a connection V = {R ], cc and an arbitrary choice of frame field, the
discrete connection 1—form for the edge between vertices a and b is given by w,, = Ry, —1d.

Furthermore, we saw in Equation (3.2.16)) that
dWw([abc),a,c) = QVY([abc),a,c¢).

Hence, with our alternation operator for (1, 1)-tensor based forms and the stability of QV under

the Alt operator (see Rem. , it holds that
d¥ w([abcl,a,c) = QV([abc],a,¢), (3.3.3)

in an exact sense. However it should be noted that the use of dV above is slightly abusive: it is
neither the discrete exterior covariant derivative of a (1, 0)-tensor valued form, nor of a (1, 1)-
tensor valued form. Instead, it is made out of the composition of a PPF-induced exterior covariant
derivative for (1, 0)-tensor valued form applied to w, composed with the alternation operator for
(1, 1)-tensor valued forms. This hybrid operator is specific to the connection 1—form and reflects
the special and local nature of the curvature form in the continuous case.

We should also mention here that our linearized version of the matrix logarithm used in the
definition of the discrete connection 1—form is crucial to ensure that this property holds (see
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Rem.. Finally, we proved that dVdV = QV A for any vector-valued form, and one can check
that indeed, for a discrete vector-valued 0—form z, we have:

dVdVz([abc),a)

1
= g((RabRbc - Rac)zc + Rab(RbcRca - Rba)zu + Rac(RcaRub - Rcb)zb

= (RacRet = Rab)2 = Ra(RoeRac = Roc)2e = ReelReRoa ~ Rea)2a |

Note that this wedge product between the curvature 2— form and a vector-valued 0—form does
not correspond to a simple pointwise product as in the continuous case: this property will only be
valid in the limit of mesh refinement.

3.3.2 Convergence analysis

In we introduced the use of parallel-propagated frame fields to simplify the high-
order terms of the integral of the discrete exterior covariant derivative. In this section, we discuss
how the order of approximation is affected by the location of the origin of the PPF being used:
indeed, if we integrate the exterior derivative in a center-based parallel-propagated frame field, we
achieve an even higher accuracy order than using a corner-based PPF.

Figure 3.9: Parallel-propagated frames. Given a connection, we can use the parallel-propagated
frame on TM (bottom) for integration; integration in some non-parallel-propagated/non-
geometric frame (like the one on top) does not lead to convergence.

Theorem 3.39 (Improved accuracy with center-based PPF). Let 7w : E — M be a vector bun-
dle with connection V. Let s = [vg,...,v¢11] C M be a region in M for which there exists a
diffeomorphism to a (€ + 1)—simplex 0 where each point v; is mapped to an associated vertex w;
of 0, and let us call the “center” c5 € s the point of s being mapped to the barycenter of . For
a € QYM, E) it holds that

J\(dva)V,Cs :f aV,cs +O(h€+3)
s ds

(compare with Equation (3.2.7).
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Proof. Itholds in the center-based PPF that
j(dva)v,cs :J aV,cs +Jwv,c5 /\aV,cS‘
s Js s

J‘wV,CS A aV,CS — O(h€+3)
S

Additionally, one has

since the integral of the linear part cancels out when the center verifies "% (c;) = 0. To see this,
we consider a Taylor expansion of "% and . It holds for p € s

’
(wV’CS) = (a)V'CS) + (wV’CS) (p—cs)+ O(h?),
p CS CS
~——
=0
where of (V") is to be understood as a derivative applied to the components of @V
V,c )

. Assuming

sufficient smoothness, we get that (w "is still a smooth 1—form. Similarly, we obtain

ay© =l + (V) (p-c)) + O?).

Hence
‘ jwV,Cs A aV,Cs < f ((C()V,Cs){’:5 A aZrCs)(CS _p)dp”
5 pes
| [ twrer atamer| ot + omr),
S
:O(h[“)
H V,c.\’ V,CS :
Since (w )¢ A g is constant over s, we get that
f (V%) Aa@¥%) )(es—p)dp =0, (3-3.4)
pes
leaving us with ||L WV A Vs | = O(ht+3). O

Remark 3.40. The argumentation shows that the key property of the barycenter based PPF is
the cancellation of the linear term in Equation (3.3.4). Later in this work in [Chapter 4| when we
will extend the discrete exterior covariant derivative to non-simplicial cells, we cannot pick the cen-
troid of the cell anymore to ensure the required cancellation. To ensure the cancellation in Equa-
tion (3.3.4), we will require a center-of-mass-based PPF. Generally the center of mass of a region s

is defined as
Cs = ! J d
T vol(s) Joe P

Thus a center based PPF in the following is to be understood as a center of mass based PPF. For

a simplicial cell the center of mass and the centroid are identical, but for general cells that is no
longer true.
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Theorem 3.41. Let 70 : E — M be a vector bundle with connection V. Let s = [vy,..., V1] C
M be a region in M for which there exists a diffeomorphism 1 to a (€ + 1)-simplex o where each
point v; are mapped to an associated vertex w; of 0. Further let & € QY(M,E) and a be its
discretization defined in Equation (§.2.8). In this case we have

Rt ﬁdvcv)\”s = dVa(s,vp) + O(h?), (3.3.5)

or expressed intrinsically,

R%,cslfdva  $%a(s,v0) + O(HE). (336)

S

S

Proof. We use the identifications stated in Remark Itholdsin the center-based parallel-propagated
frame that

V AV, _ V¢
Rvo,cs J-(d @) = Rvo,cs j Rcsa + Rvo,cs J-w A Rcsa- (3:3.7)
s ds s
As discussed above, we know
Jwv,cs A CKV'CS — O(hg+3).
S

In the following we denote s; = [vy,...,v},..., V41 ] the f—subsimplex of s without v;. By m;
we will denote the {—simplex opposite to v; with positive orientation relative to that of s, i.e.,
m; = (—1)'s;. Extending the discrete a to m; by a(m;,vy) = (=1)" a(s;,vg), we have

0+1 {+1
8V ax(s, v0) = Ry, @(s0,v1)+ ) _(<1) @(s;,v0) = Ry, o, @lmo,v1) + ) a(m;,vp).
i=1 i=1

For all faces containing v, we have by definition

a(m;,vg) = j RVYoq.
e

1

If we compare the contribution of the PPF-derivative to the contribution from the boundary
integral in Equation (3.3.7) coming from 1, we obtain

Ryye. J RVSa-R, , f RV7Vig = J' (Ryy e, RV% =R, RV")ar. (3.3.8)
my my my

If we consider the expression
RUOrCsRCs’p - Rvoﬂ/lRVer = (RvoszRCsfP - RvofP) - (RVOlVI va,p - RVOJ’)’

we can express this, following|Equation 3.2.14} as

(Rvo,csRcS,p _Rvo,p) - (Rvo,v1 va,p _Rvo,p) = QXO (UO —P:vo _Cs)_QZ) (VO —p,vo—"1 ) +O(h3);
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where h is the triangle diameter.
We define the auxiliary function
g: Pp(mg) > R™": pi> Q) (vo—p,vo — ¢5) — Qy (v — p,vo —v1)

Note that g is affine linear in p, thus the second order derivatives vanish. If we do a Taylor expan-
sion of g at ¢, , note that ¢; — vg and ¢, — vg are collinar. Hence,

QXO(UO —Cmy Vo — Cs) =0.
Further note that we have for the gradient
Dgcm = Qv(vo v ) - QV(VO —Css ) = QV(CS — V1, )

Since we always implicitly assume that the curvature is sufficiently regular and (v; — v;) € O(h),
it follows that Dg € O(h). As in the proof of] we can expand the differential form

« as
a, =a, + (a)ém(p - Cmo) + O(hz)-

Therefore we have

J VOCRVCS—R,,O,,IRV”l)a—f ga +0O(ht*3)
Mo

My

J\ gcmo gcmo (p Cm)) + (acmo + (acmo )/(P - Cm0)+) + O(h€+3)
m

0

Let ac, [m] be the evaluation of & at ¢,,, on the stencil spanning the tangent space of 11

in the sense o Since (acmo )" and ( ey ) are constant, we can rewrite the integral as
[ R BT~ Ry R0 = | gav0#)
m My
14
- Jm (86, + (26, V(B =) (e, + (e, ) (p—Cy)) + OUHEH)

= o e 101 8 (0, [ (9= ) 80, Ve, | (9 i)

my mg
[ —_—
=0 =0
#80) | (@0, (P~ e p =, 4O
~—— my
cO(h)

cO(h'+2)
=0y (vo - - v1)ac, [mo]+O(h*)
v, (V0 = Cmyy Vo = V1) e, [mo] +

For a positively oriented face m € ds that contains v, we obtain

J (RVOICSRV'CS - RVO’CMRV’C'")a = J ((RVOICSRV’CS - RWo) - (R,,O,CMRV'% - RV’VO)) a.
m

m
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Using[Equation 3.2.14} we obtain
((RVO,CSRV’CS - RV"’O)— (R,,O’CMRV’C'“ - RV’”O)) = Qy (vo—p, vo—cs)-Q) (vo—p, Vo—Cp) +O(REH3)
Using the auxiliary function

g:m—R™": pi>QF (vg—p,vg—cs) — Q) (vo — p, Vo — Cwr),

we can argue parallely to the case of 1 that

J (RVO,CSRV'CS - Rvo,cmRV’cm ) a = QXO(VO —Cmy Vo — Cs)acm [m] + O(h€+3)- (3.3.9)
m

Since Q,YO is evaluated on a stencil of order O(h?), this yields with Equation and Equa-
tion ,
+1
dVa(s,vg) = Ry, a(mo,vy)+ Z a(m;,vg) =Ry, .. JRV’CSdVa +O(h*?).
i=1 s

O

Remark 3.42 (Differences as tangent vectors). Throughout this proof, and in the analogous
proofs that follow, expressions such as vy — v; require clarification: their literal interpretation as
differences of points on M is not well-defined. What we mean is the following. Fixing the base
point vy and assuming M is sufficiently regular so that all relevant vertices lie in a normal neigh-
bourhood of v, the inverse exponential map log,, := exp;o1 provides a diffeomorphism between
this neighbourhood and a star-shaped open subset of T,,, M. Writing

&p i=log, (p) € T, M,

we interpret all affine operations between points—differences, sums, barycentres, integrals—as
operations between their tangent-space representatives:

p_q::ép_éqr CSVOZO; Vo—p:—ép.

With this convention, all such expressions are carried out in the vector space T, M, where they
are well-defined, and QXO is evaluated on the resulting tangent vectors.

In particular, we take each centroid to be the arithmetic mean of its vertex representatives in

T, M:

(+1
1 1
éCS = €+—2 ;‘évil (Scm = mv;névi, Cs 1= evao(ECS).

Two consequences are worth noting. First, the median identity &, = % écmo holds exactly, so

V0, €y Cs are collinear in T, M, and Qyo(vo = Cpy» Vo — €5) = 0 by antisymmetry. Second, the
first-moment identities fm(p — ) = 0 and the affineness of the auxiliary maps g, § used below
all hold exactly, being statements about affine functions on a vector space.

This is an abuse of notation: writing v — v; for tangent-space differences read through the
inverse exponential map streamlines the exposition considerably, at the cost of conflating points
on M with their representatives in T, M. With this convention in mind, the formulas below

should be read accordingly.
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Since the volume of the simplicial cell is of order O(h'*1), this shows that the operator dY
converges under refinement if the input is obtained through integration in an appropriate PPF,
However, to ensure convergence of a second application of d V. thisis not sufficient since the error
after division with the volume of a (€ + 1)-simple can remain arbitrarily large. This is where the
alternation can improve the accuracy order.

Theorem 3.43 (Alternation increases accuracy). Let 0 : E — M be a vector bundle with con-
nection N. Let s = [V, ..., Vpy1 ] C M be a region in M for which there exists a diffeomorphism
to a (€ + 1)-simplex o where each point v; is mapped to an associated vertex w; of 0. Further let
a e Qe(/\/l, E) and a be its discretization defined in Equation . In this case, we have

Ry, f(dva)(v'cs) = AltVdVa(s,vy) + O(h*3) = dVa(s,vy) + O(h*3),  (3.3.10)
S
or expressed intrinsically,

S

Rvo,cﬁf dVa = AtV a(s,vo) + O(h3) = dV a(s,vy) + O(hFF3). (3.3.11)

S
Proof. It holds by Theoremm

ijO,CS (@dVa)Vs =R, . L aV% + O(ht*3). (3.3.12)
S S

Let {m;} C Js be the set of {—cells with positive orientation forming the boundary of s where
v; € m;. In the following, we will show that the contributions for every {—face coming from

Equation and those of d¥ (s, vg) differ by a term of order O(h'*3). To see this, we rewrite

the exterior covariant derivative as

dVa(s,vo) = AltVdY a(s, vg)
{+1

_ ! 1 v |
S l+2 .ZR"O’VI'((KH)! Z sgn(70)d a(n(s)ﬂ’;))' (3.3.13)
]:O T(ESHZ
n(0)=]
Let
1
VvV N v .
Alt 2 a(s,vj) = 7T Z .sgn(n)h a(m(s),v))

" €S p1o,m(0)=]

be the operator that uses an alternation on the face opposite to v; only. For the boundary cell m;

we consider the contributions coming from Alt]-VbVa to Equation 1) for i # j first. In this
case the face m; is not opposite to v;. Hence, its contributions turn into

— V,v;
Rvo,vja(mi; vj) = Rvo,v]- J R™a.
m

i
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For the case j =1, m; is the face opposite to the evaluation vertex of Alt]VbVa(s, v;). In this case,
we can rewrite

1 1
Altivhva(s,'l}i) = m Z E Z Sgn(n)hva(ﬁ(S),vj).
VEM; TESp
n(0)=j
nt(1)=k

This yields that the contributions coming from m; are of the form

1 v
Rvo,vi ’+1 ;Rvi,vk J-m RY%a. (3-3.14)
1 1

If we analyze the difference of this expression to the integral of « in the v;—based parallel-propagated
frame, we obtain

1 | 1 ,
01 Zva,ka R~ f R"a = 7+1 ZJ (Ry, RV =R )a.  (3315)
ki m; m; ki <M

Similar to the discussion in Theorem 3.39} we can argue that the integral of the center-based Taylor
expansion yields

1
— R, , RV~ RV
7+ 1 ;Jml( v}, Vg )OC

1
= f-l—_l Z(Rv,,kavk,cmi - Rvi,c,,,i )acmi [mz] + O(h€+3)

k=i

As explained in[Section 3.2.5], it holds

(Rvi’vk Rkacmi - Rvifcmi )

= QV([v;, V% €, ] Vir Cm,) = QY [Vk = Vi €y, —vi] + O(H?). (3.3.16)
Therefore,

1
f-l-_l Z(Rv,-,kavk,cmi - Rv,—,cmi )acmi [mz]

k=i

1
- +1 ZQZ[vk ~VirCm; _vi]acmi [m;] +O(h€+3)
k=i
1
= QZ [m ka — Vi Cm; — vi]acmi [mi] + O(h€+3).

k=i

=0

Since Zi_l Y ki Vk = Cm;, We obtain

1 J v j V0, 0+3
—— Y R, RVka— | R iaeOh™).
t+1 Z’ O ), m;

k=i
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Therefore, we can deduce that the contribution of the face m; for the difference dVa(s,vo) —
Ry, c, [,(d¥ @)V is, up to order O(h*?), of the form

0+1

1 .
EB S T
j=0 m; m;
1 0+1
j=0 i

Integration of the Taylor expansion at ¢,,,, yields

0+1

1 .
I A T o
j:O m; m;
0+1
—1 0+3
=773 2_(Roo,Rue, —RugeRee, ), [mil+ O(h)
j=0
1 0+1
= 0+2 Z(Rvo,ijvj,cmi _Rvo,cmi - (Rvo,csRcs,cmi _Rvo;cmi) aCm,— [mz] +O(h€+3)
j=0
1 0+1
- £+2 (QXO[Vj—vo,Cmi _VO]acmi[mi]
j=0

- Qyo[cs ~ 0, Cm, — Vo] ac, [mi]) + O(h€+3)
0+1

1
= Qyo[m Zo'vj —V0, O, — VO]acmi [m;]
]:

—_——
:CS

- Q) [e = vo, e, — vo] ac, [m] + O(h*)
— O(l’l€+3).

Since v; was chosen arbitrarily, this result yields the claim.

To conclude the convergence of d VaV under refinement, we need another lemma.
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Figure 3.10: Visualization of the two parallel-propagated frame fields used in Lemma Itis
noteworthy that the integral computed on the right-hand side involves a PPF whose source is not
contained within the integration domain m.

Lemma3.44. Let 70 : E — M be a vector bundle with connection V. Let s = [vg,...,vp1 ]| C M
be a region in M for which there exists a diffeomorphism to a (€ + 1)-simplex o where each point
v; are mapped to an associated vertex w; of 0. Let m C s be the image under V of a (—subcell
containing v. In this case, it holds that

Ym — s 2
Rvo,cmj a¥r _Rvo,csf a¥% + O(h?), (3.3.17)
m m

which can be expressed intrinsically as

\% \%
Rvo,cm <PcJ a = Rvo,cswch- o+ O(h€+2) (3.3.18)

m m

where two PPFs (one from the center c,, of m, one from the center cs of s) are used, see[Figure 3.10]

Proof. Itholds

V,c V. _ V,c Ve,
Rvo,cs J‘ a7 — Rvo,cm J a "= J (Rvo,csR f - Rvo,cmR n)a
m m m

= (Rvo,csRcs,cm - Rvo,cm )acm [m] + O(h€+3)

= QV([vO: Csr Cm]; VO; Cm) acm [m] = O(h€+2).
~—
=0(h?) =O(K¢)

This allows us to conclude the convergence of d¥dV under refinement, as explained next.
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Corollary 3.45 (Convergence of dVadY). Let . E — M be a vector bundle with connection
V. Let s = [vg,..., V0] C M be a region in M for which there exists a diffeomorphism to a
(€ + 2)-simplex o where each point v; are mapped to an associated vertex w; of o. Further, let
a € QY(M, E) and a be its discretization defined in Equation . We have

dVdVa(G, Vo) = Rvo,cs f(dvdva)v,cs + O(h€+3), (3.3.19)
s

or equivalently,

dVd¥a(o,vy) = RVO,CS(XJ-(dVdva) +O(h*3). (3.3.20)

S

S

Proof. It holds
RVOlcs J(dvdva)vycg = R‘I/O,Cs j (dva)V’CS + O(h€+4),
s ds
by Theorem Hence, by the previous lemma and since d¥ a € Q*!(M; E), we obtain,

Ry, c, j(dvdva)v’cs =) Ry J (d¥ )+ O(h*?).

s meas m

Asin the previous proof, let m; be the (£+1)-subcell in ds opposite to v; with positive orientation.
Thus by Theorem We obtain

0+2

Ry, J(dvdva)m = Rv(),cmoj (V)"0 + )~ dVa(m;,vg)+ O(h3).
s Mo i=1

For the first term, note that

V \V.Cpn _
Rvo,cmo J (d" )" mo = RVQ,V] va,cmo J
mg

Mg

(dva)v'cmo—QV([vo,vl,cmo],vo,cmO)J (dva)v'cmo.

my

Since
nv([vo,vl,cmo],vo,cmo>f (d¥ )% = O('+3)
my
:O(I’lz) |
=O(ht+1)

and
V Ve \Y
R'l/o,'l/l R'Ul,cnl(] \J- (d a) "o = RVO;Vld a(mOrvl )J
my

we obtain

0+2

Ry, J(dvdva)v’cs = Ry, 0, d¥a(mo,vy)+ ) dVa(mj,vg)+O(h+)
S ]:1
=bdVdVa(s,vo) + O(h3).
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Furthermore,
AltY (bvdva(s,vo)) —Ry, . j(dvdva)v'cs
S

= AltY (R,,O,Cs f(dvdva)vrfs)—R,,o,Cs f(dvdva)v'cs +O(h*3)
S S

l+2
1
= 73 Z(Rvoﬂ/j Rv]»,cs _ RVOICS ) (L(dvdva)V,cs) + O(h€+3)

j=0

0+2

QV(VO Cs'f 3 Z )J dvdV ) Cs +O(h€+3) EO(hg+3),
E/—/
=0
Hence dVdVa(s,v) = Ry, c, [ (dVd" a)V € O(h**3), which yields the claim. O

In the proof, we only show that the operators dVdV and 5VdV are of the same convergence or-
der, although one might expect that a novel alternation could augment the accuracy of the PPF-
derivative. However, for a second application, the alternation cannot compensate for the lack of
accuracy from the original input. Numerical tests will confirm that a novel application of the
alternation operator to dVdV cannot augment the accuracy further, indicating that a numerical
realization of a third application of the exterior covariant derivative will be, in this setup, impossi-
ble to achieve accurately.

Remark 3.46. This corollary confirms the convergence, under mesh refinement, of the implicitly
defined wedge product between the curvature 2—form and a vector-valued form, as introduced in
Theorem It converges towards the smooth curvature wedge product in Equation (r.s.12).
Thus, the discrete algebraic Bianchi Identity holds both conceptually and numerically in the limit
under mesh refinement.

Remark 3.47. As discussed in the analysis preceding Def. a noteworthy reduction in the
number of terms for the alternation can be used and will still ensure enhanced convergence of
the sided discrete exterior covariant derivative. Equation shows that we can reduce the
number of permutations from the full alternation group down to only (£ + 1)-terms, resulting
in a substantial decrease in the computational cost of the alternation. However in this case the
combinatorial properties of the discrete exterior covariant derivative are no longer satisfied.

Remark 3.48 (Convergence analysis for general endomorphism-valued forms). In the vector-
valued case, we have successfully established that the discrete exterior derivative converges under
refinement and satisfies the Bianchi identities. These results hold great significance within the
context of our study. We showed that the differential Bianchi Identity holds in an exact sense.
In the definition of the exterior covariant derivative for (1, 1)-tensor valued forms, we used an al-
ternation of the PPF-derivative, although the differential Bianchi Identity is already enforced for
the PPF-derivative exactly. However, for the analysis of convergence under refinement of gen-
eral endomorphism-valued forms, it is necessary to use an alternation of the PPF-derivative as in
the vector-valued case. It turns out that the convergence analysis for arbitrary endomorphism-
valued forms can be carried out similarly to the vector-valued case. We saw that the alternated

)



Discrete Exterior Calculus of Bundle-Valued Forms

PPF-derivative realizes a discrete notion of the identity
dvEnddvEndﬁ _ [Qv A ﬁ]’

for p € Qf(M,End(E)). For the discretization of a general endomorphism-valued form through
integration, we can, in contrast to the curvature form, not expect in general that the integration
can be carried out as a boundary integral exactly. As in the case for vector-valued case, one can
therefore use a discretization in a parallel-propagated frame for

AV p=dp+wnp+(-1)EBIB A @,

However, in contrast to the vector-valued case it is necessary to use a PPF-for the integration for the
output azd input fiber. If we define the discretization through integration for an endomorphism-
valued form through

B(s,v,w) = JRV"’MRV'“’)*, (321

it is possible to show that for f € Qf(M,End(E)) it holds

VEnd

SV B(s,v,w) = va,cxd BV EER, , + O(H?)

S

and
4Bl 0) = [ R d™ VR O
S
where (rilVEnd B)Vrests = RV d vend B (RY-%)~L is the representation of the form av p in the

frame that uses a center based PPF for the input and the output of the form. This allows to con-
clude that for a simplicial (€ + 2)-cell s” it holds

VEnd VEnd

dVdVﬁ(SI’ v, 'LU) = J\ Rv,csf(d d ﬁ)v CS'CSRCS,,W + O(h€+3),

S

ensuring convergence under refinement.

3.3.3 Numerical Testing

We now report on our tests of the numerical validity of the formulas we propose in this paper. For
all examples, we start from a connection 1—form w and a differential form, both given in closed
form, which we discretize on a sample mesh element. We then compare the smooth (closed-form)
exterior derivative and curvature to the results obtained by our discrete operators when applied to
the discrete 1-connection and the discrete form using increasingly fine meshes, in order to observe
the convergence rates of our operators. Note that our Python code for all these tests is available at
https://gitlab.inria.fr/geomerix/public/fulldec.

Setup

Computing discrete connection. For a given analytical connection 1—form w in the stan-

dard frame of R® and an edge [a, b] (where a, b € R®) defined as the straight path y,;,: [0,1] —
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R3: t+> (1 —t)-a+t-b, the discrete parallel transport R, induced by the connection is

Rypy=P exp(J a)).
Y

We approximate this discrete path ordering by splitting the interval [a, b] into N sub-intervals. If
we define the i™ path segment via y;: [i/N,(i +1)/N] > R3: t > (1 —t)-a+t-b,adiscrete

parallel transport is computed as
N-1
Ry = l_[ exp (J. a)), (3.3.22)
i=0 Vi

where the matrix exponential on the right is evaluated wzthout path ordering.

Discretization of vector-valued forms. As described in we enforce that the dis-
cretization of the forms is carried out in a parallel-propagated frame field. That is, given a smooth
TIR3—valued k—form «, a simplex o C IR3 with a vertex v € o and a smooth connection 1—form

w, the discretization described in Equation is

a(o,v):= | R"a.
Here, we assume that the underlying chosen local fsrame field is the standard frame of TIR3, and
RVV: ¢ — SO(3) is the gauge field turning this standard frame into the PPF centered at v. In

our numerical tests, we apply quadrature rules to approximate this integral. For instance, for the
case of a one-form represented in the standard frame of TR3 via

ag
a=|a,|e QYR3, TR?),
as
where ay, ay, a3 € Q! (IR?) are standard scalar-valued differential forms. Foranedge y : [0,1] —
IR3, where 7(0) = a and y(1) = b, we denote the evaluation of the smooth differential form
a € QY (M, R3) ata point p € e = ([0, 1]) for the vector b—a € TpIR3 through a,(b — a),
where we use the canonical identification induced by the standard frame of R3 of T,IR? with
Tp]R3 . Writing the gauge field RV as
Ry -
RV =|- R, —|=(R,);€SO(3)for(i,j)€{1,2,3),
Ry, -
it holds by definition that

Ral(y(t)) ay(t)(b - a)
allabla)= [ K= |y ®R)ya= [ (R0 ayb-a)|d G229
I [0.1] [0.1] Ru3(7(t)) : a;/(t)(b - &l)
where we use the standard matrix product for the multiplication of a row with a column vector.
In this case, we get the integral of the first component, for instance:

J\ Ran aq +Ra12 ay +Ra13 a3
Y

1
- L Ray, (7(1)) @, (1) + Ray, (1(1)) a2, (¢(0) + Rey, (1) @5, (P(1)) 1,

v
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and we use a 5" —order Gauss-Legendre quadrature to evaluate this 1D integral numerically. The
final expression of the discretization of & thus reads:

ale,a)~ ) w; Ry ay(b—a),

T‘"M%
IS
S

where w; are the usual Gauss-Legendre quadrature weights.

Similarly, if we want to discretize a smooth (1, 1)-tensor valued 1—form 8 over e = [a, b] with
evaluation at a and cut at b, we discretize the integral

ﬁ([ax b],ﬂ,b) = JRVJQ /3 (Rv,b)_l‘

e

In this case, we approximate the integral through

/3(5, a,b)~ wi Ra,y(xi) ﬁy(xi)(b —a) RV(X;)rb'

ipgR

Now, if we are given a vector-valued 2—form a and we want to calculate its discretization over
atriangle 0 = [a, b, c] evaluated at 4, we discretize the 2D integral

a(o,a)= j RVq.
o

We thus use 2D quadrature rules (provided, for instance, in [Burio]) to approximate this integral.
Similarly, we use for (1, 1)-tensor valued forms the integral

ﬁ(al a, b) = J‘ Rv'“ﬁ(erb)fl

and apply 2D quadrature to obtain the discretization of the form over the triangle.

Convergence under element refinement.  For each example, we evaluate the discrete operator
on a given mesh element, then scale the element down while keeping the evaluation vertex fixed.
At each scale we report the relative error, i.e. the norm of the difference between the discrete op-
erator applied to the discretized form and the integral of the smooth ground-truth result, divided
by the norm of that ground-truth integral. This yields a plot of the rate at which our discrete
approximants converge to their continuous counterparts. Quantifying the error of a discrete dif-
ferential operator generally requires a norm adapted to the function space in which the discrete
object is expected to live, and the appropriate choice is far from obvious: the angle-defect defini-
tion of Gaussian curvature, for instance, fails to converge in the L% and H! norms yet converges
in H=? [Gaw2o]. We therefore restrict ourselves to the pointwise relative error described above,
which isolates the consistency of the operator at a fixed point; the function-space considerations
become essential once the operators are used to solve a PDE.
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Various numerical tests

For the connection 1—form w given as

0 0 1 0 1 0
w=|0 0 0fxdz+|-1 0 O](ydx+dz), (3.3.24)
-1 0 O 0 0 O
one can derive its torsion as
ydxAdy—-dyAdz
eV=4dv6= dx A dz )

xdxANdz

where 6 = (dx,dy,d z)T. Further, the exterior derivative of the torsion yields

dx 0
V0V =deV +wn0V =QV Aldy|=]| 0 |dxAdynrdz,
dz —Xy
where
0 —dx ANdy dx Ndz
QV=|dxAdy 0 —xydxANdz]|.
—dxANdz xydxAdz 0
Analysis of the error for the Discrete Curvature
— sampling: 1
sampling: 5
2! 4 —— sampling: 10
—— sampling: so
- — sampling: 200
% 911
QTZ
2*1
2*1‘7
2*23

9-0 9-1 9-2 9-3 94 9-5 2'4; 2-7 9-8 9-9 9-10 9-11 9-12
Diameter

Figure 3.11: Convergence of discrete curvature. The discrete curvature converges to the in-
tegrated (continuous) curvature over a center-based parallel-propagated frame field; insufficient
sampling for the integration of the smooth connection ( Equation (3.3.22))) affects the convergence
rate.
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Analysis of the error for the Discrete Torsion

Relative pointwise error

Error dY6
—— Error Y6 with PPF-discretization

—— Error dY

T T T T T T T T T T T T T T T T T T T T

Diameter

Figure 3.12: Convergence of discrete torsion. This graph illustrates that employing a non-
parallel-propagated frame field for discretizing the solder form fails to yield convergence of the
PPF-induced exterior covariant derivative. Utilizing a PPF for the discretization of a form and a
subsequent use of the PPF derivative results in a linear decay of errors. Notably, the alternation
process further enhances accuracy, leading to a quadratic decay in errors for our full discrete exte-
rior covariant derivative.

Convergence of the Discrete Curvature. To verify the convergence of our discrete curvature,
we construct a triangle from the three following points: vy = (0, 0, O) T vy = (1, 0, O) T vy =

(0.4, 0.3, 0) T which we subsequently shift by the vector v = (2.4, -1.3,2. 9) T and rotate using
Euler angles (30°,45°,27°) around the X—,Y —,Z —axes to ensure arbitrariness. We calculate the
relative error of the discrete curvature compared to the integral of the smooth curvature form in a
center-based PPF with pre- and post-composition to the corresponding evaluation and cut fiber.

The resulting convergence plot is in

We note in passing here that the correct evaluation of the path ordering of the matrix exponential
is essential to find the correct convergence order (O(h?)) for the discrete curvature compared to
the integral of the smooth curvature in a center-based PPF.

Convergence of the Discrete Covariant Derivative of Bundle-valued 1-Forms. To nu-
merically test the validity of Theorem we consider the triangle [v(, v1, v, ] that we used above.
We shift the triangle by a vector v = (3.0, 4.1, -2. O)T and use Euler angles (10°,15°, 5°) around
the X—,Y —,Z—axes to ensure arbitrariness. We calculate the integral of the smooth torsion in a
barycenter based PPF, transported to v(. Subsequently we compute the sided PPF-induced dis-
crete exterior covariant derivative 8V @ and compute the relative error to the smooth ground truth
(blue). Further, we calculate the discrete exterior covariant derivative and calculate the relative
error with the smooth ground-truth integral (green). In addition, we illustrate that the discrete
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exterior covariant derivative operator presented in [BEHS21] does not converge under refinement
if the input is obtained through discretization without the usage of a PPF (orange). In
the size of the triangle is halved in each refinement step. As our theorems stated, we observe that
the decay of the relative error for the PPF-derivative is indeed linear, with a quadratic convergence
order when alternation is used, as can be seen in the different slopes in the logarithmic scale of the
error plots. Additionally, the tests show that it is essential to use a parallel-propagated frame for
the discretization of the differential forms, otherwise convergence cannot be achieved.

Since the case of the solder form is special, we also illustrate the convergence behavior proven in

Theoremsand for a more general differential form, which we pick to be:

2x dy
a=| xdx |, (3.3.25)
dz—zdy

with the connection introduced in Equation . In this test, the same test triangle is shifted by
avectorv = (2.4,—1.3,2.9) and is rotated using Euler angles (30°,45°,27°) for X—,Y —,Z —axes.
The triang]e size is each time reduced by a factor two, leading to the convergence plotin

the alternation operator indeed improves the convergence order of the PPF-derivative.

Analysis of the error for the Discrete Covariant Exterior Derivative for 1-forms

Relative pointwise error
o
i
=1
L

927 4

—_— Y

oV without discretization in PPF

2‘4» 2‘4 2L2 2'73 94 9-5 9-6 2‘4’ le 2'4‘ Q—IIH 2J11 2:12 27'1.‘; 2—']4 27'15 2J|(. 27'17 27'15 27'1'1

Diameter

Figure 3.13: Discrete exterior covariant derivative for vector-valued 1—-forms. Comparison
of the decay of the relative error for the PPF-derivative and the exterior covariant derivative for the
1—form & given in Equation (3.3.25)). A different slope in the logarithmic plot indicates a different

convergence order (here, linear in blue vs. quadratic in orange).

Convergence of Discrete Covariant Derivative of Bundle-valued 2—Forms. In order to

check Theorems 3.43| for vector-valued 2—forms as well, we construct a tetrahedron with
51t

points pg = (O, 0,0)7,p; = (sin(T),cos(%”), I)T,p2 = (sin(%), cos(%),1 )T,p3 = (sin(n),cos(n), 1 )T.

We use Euler angles (50°,15°,70°) to rotate the tetrahedron, and shift the tetrahedron by v =
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(3.4,-1.8,3.9) for arbitrariness. For the vector-valued differential 2—form

3ydy Adz+x*dz Adx
a= (xyz+1)dxAdy (3.3.26)
xydy ANdz

and the connection introduced in Equation (3.3.24), we illustrate convergence under mesh re-
finements for the discrete PPF-induced derivative and the discrete exterior covariant derivative in

Analysis of the error for the Discrete Covariant Exterior Derivative for 2-forms
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Figure 3.14: Discrete exterior covariant derivative for vector-valued 2—forms. The alterna-
tion operator for discrete vector valued 2—forms yields, as in the case for 1 —forms, an improved
accuracy under refinement compared to the PPF-induced discrete exterior covariant derivative (or-
ange vs. blue curve).

Algebraic Bianchi for Vector-valued Forms To check the convergence of the discrete alge-
braic Bianchi identity to its continuous counterpart, we consider the connection introduced in
Equation . We compare the primal discrete exterior derivative dVdV for the solder form
(orange) against the discrete exterior covariant derivative dVdV (blue). We use the tetrahedron
introduced above shifted by a vector v = (3.4, -1.8, 3. 9)T and subsequently rotated by three ma-
trices through the Euler angles (50°,15°,70°). We observe in that the convergence
is of the same order. Further, we illustrate that two consecutive applications of the operator 4
do not converge under refinement, even if the input form is obtained through discretization in
a PPF. However note that the operator would have converged under refinement if it would have
been applied to a discrete section.

Discrete Exterior Covariant Derivative for (1, 1)-Tensor-valued One-Forms We also illus-
trate the numerical behavior of the discrete exterior covariant derivative for (1, 1)-tensor valued
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Analysis of the Error of the Algebraic Bianchi Identity
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Figure 3.15: Algebraic Bianchi identity under refinement for vector-valued 1—forms Using
the PPF-Derivative of the alternated torsion or the discrete exterior covariant derivative of the al-
ternated discrete torsion both lead under refinement to the same convergence order. However,
two consecutive applications of the operator dY without alternation in between to improve ac-
curacy do not lead to convergence under refinement, even if the original form is discretized in a
parallel-propagated frame field (green curve).

forms. Given a (1, 1)-tensor-valued 1—form

0 -xdy 0
B=|xdy 0 dz|eQY(R?End(TR?) (3.3.27)
0 -dz 0

and the connection 1—form introduced in Equation (3.3.24)), one can calculate that

0 —dxAdy ydxAdz
B=| dxAdy 0 x*dy Adz|.
—ydxAdz -x*dyAdz 0

VEnd

d

We translate the usual triangle we used previously with avectorv =(3.5,1.1, -1. 2)T and use Euler
angles (30°,45°,27°) to rotate the evaluation domain. We then calculate the discrete endomorphism-
valued derivative and calculate the relative error against the smooth ground-truth value, resulting

in [Figure 319

Discrete Exterior Covariant Derivative for (1, 1)-Tensor-valued Two-Forms. For the endomorphism-
valued 2—form

0 x>dyAndz 2zdxAdy
B=|-x*dyndz 0 0 ,
—2zdx A dy 0 0
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Analysis of the error for the Discrete Covariant Exterior Derivative for (1,1)-tensor valued 1-forms
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Figure 3.16: Discrete exterior covariant derivative for (1, 1)-tensor-valued forms As in the
(1, 0)-tensor-valued case, we observe that the decay of the relative error for the PPF-derivative for
(1, 1)-tensor-valued forms is linear, and the endomorphism-valued alternation improves the accu-
racy of the PPF-derivative for a faster decay of the error.

the exterior covariant derivative can be calculated for the connection introduced in Equation (3.3.24)
as

- 0 2x 2
AV p=|-2x 0 -2z|dxAdynAdz
-2 2z 0

Translating the tetrahedron introduced earlier with v = (3, 3,2)T and using Euler angles (30°,10°,190°)
the convergence behavior ex-

to rotate the tetrahedron, we can numerically verify in

plained in Remark

Algebraic Bianchi for (1, 1)-Tensor-valued One-Forms Using the aforementioned tetrahe-
dron rotated with Euler angles (60°,50°,120°) and shifted by a vector v = (6.4,-3.8,1.9), we
obtain for the (1, 1)-tensor valued form introduced in Equation convergence of the alge-
braic Bianchi identity to its continuous counterpart under refinement as seen in

Conclusion. The numerical experiments confirm that our discrete exterior covariant derivative
satisfies the properties established in this chapter, and that the convergence orders predicted by
our analysis are sharp. These tests measure pointwise consistency. On each element we compare
the discrete operator against the smooth ground truth at a fixed evaluation vertex under refine-
ment. A natural and more demanding next step is a convergence analysis in the L? sense, where
the discrete operator is assessed globally against a suitable Sobolev norm rather than at a single
point. As the angle-defect example of [Gaw2o] illustrates, identifying the norm in which a given
discrete operator converges — and at what rate — is itself nontrivial, and it is exactly this question
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Analysis of the error for the Discrete Covariant Exterior Derivative for (1,1)-tensor valued 2-forms
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Figure 3.17: Discrete exterior covariant derivative for (1, 1)-tensor-valued 2—forms. As in
the (1, 0)- tensor-valued case, we observe that the exterior covariant derivative for (1, 1)-tensor-
valued 2—forms converges faster under refinement compared to the PPF-induced discrete exterior
covariant derivative.

that governs the operator’s behaviour when used to discretize and solve PDEs.
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Analysis of the Error of the Algebraic Bianchi Identity of (1,1)-tensor valued forms
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Figure 3.18: Algebraic Bianchi identity for (1, 1)-tensor-valued 1—forms. Calculating pvVaVv
and dVdY under refinement yields a linear decay under mesh refinement of the relative error com-
pared to the integral of the smooth groundtruth. As in the (1, 0)-tensor-valued case, another al-
ternation cannot compensate for the lack of accuracy coming from the initial input.
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4 Discrete Exterior Calculus of Bundle-
Valued Forms on non-simplicial cells

Until this point, we showed that we can define a discrete exterior derivative for bundle-valued
differential forms that satisfies the algebraic and the differential Bianchi identities. However, we
limited our explanations to the case of simplicial cells. However, we show now that many of the
presented concepts can be seamlessly carried over to the non-simplicial case.

4.1 Discrete Bundle-Valued Forms on non-simplicial cells

We have reviewed the definition of discrete bundle-valued forms in [Definition 3.5| and [Defini
It is important to note that these forms can similarly be defined for polytopal cells as a
collection of maps. Additionally, the discretization scheme employing a parallel-propagated frame
field to transform smooth bundle-valued forms into discrete bundle-valued forms can be adapted

for retractable non-convex cells.

For retractable cells, we have introduced in[Definition 3.16|the concept of a parallel-propagated

frame field. This allows us to establish a retraction-dependent discretization scheme. When we
restrict our focus to convex cells, we benefit from a canonical retraction map. Consequently, we
also obtain a canonical parallel-propagated frame field, which can be utilized for the discretization
of smooth bundle-valued forms.

4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

Let M be a smooth manifold and E(M) be a smooth vector bundle with connection V. Further
let M be a discrete manifold and T C M a domain for which there exists a diffeomorphism ¢ and
a polytopal (¢ + 1)-dimensional cell 7 such that ¢(7) = T. Furthermore we assume that there
exist pairwise disjoint polytopal (€)-cells {0}};=1, . n with 7 = U;0;. We denote by s; C T the
image of 0; under ¢. We denote by c7 the center of mass of 7 and ¢ = ¢(c7 ) the image under
¢.

We will in the following add the center of mass as an imaginary new vertex to the cell 7 to
have a canonical evaluation fiber. The point ¢z subdivides the cell into cones, consisting of the
{—dimensional polytopal boundary faces and the center of mass. We denote by T be the union of
these cones.
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Let V'™ be a discrete connection on T such that
int
V®ir=V,

which additionally contains parallel transport matrices between the primal vertices and the barycen-
ter. We discuss the case that the transport matrices are given by an oracle first. This could be the

case if 'V arises through integration from a known smooth connection V and can therefore be in-

tegrated between arbitrary points. Afterwards we explain how one can derive estimations for the

parallel transport maps from the primal vertices to the barycenter solely from the data available on

primal edges. The advantage of the introduced simplicialization is that all conical (€ + 1)-cells that

form T share a common evaluation fiber; the center of mass.

We have reviewed that the PPF-induced discrete exterior covariant derivative can be inter-
preted as a high order approximation of the discretization of the smooth exterior covariant deriva-
tive in a parallel-propagated frame field for bundle-valued {—forms. This motivates the following
definition in the non-simplicial case:

Definition 4.1 (PPF-Induced exterior covariant derivative on non-simplicial cells). Lez M
be a discrete orientable manifold with a discrete vector bundle E with discrete connection V =
{R; j}eijeg over it. Let T be an (€ + 1)-dimensional convex polytopal region with T = ) i Sjr
where s; € MY are polytopal C—cells forming the boundary of T and v; € sj one arbitrary
vertex in sj. Further let a be a discrete vector valued C—form and ct be the center of mass of T.
We denote

V= VUIR; R, ;:i€V)

the discrete connection that contains in addition the parallel transport maps from the primal
vertices to the barycenter of the cell. The PPF-induced discrete exterior covariant derivative is

then given by ‘
bvm a(Tl CT) = ZRCT,VJ'“<S]" v])
eT

For a primal vertex v € T we define the PPF-induced discrete exterior covariant derivative

through _ '
met a(T, V) _ Ry,cT bVlm a( T, CT).

1t should be noted that the operator depends on the particular choice of intermediate evaluation
ﬁber v j-

In the study of the simplicial case, we demonstrated the importance of averaging the output of
the PPF-induced discrete exterior covariant derivative proposed by [BEHS21]. This averaging con-
verts corner-based approximations of the integral of the smooth exterior covariant derivative into
center-based integrals. This approach allowed us to show that the proposed averaged d V satisfies
the algebraic Bianchi identity numerically under mesh refinement.

In this chapter, we introduce an extended notion of the bundle-valued exterior derivative

int
applicable to arbitrary convex cells and special star-shaped cells. The presented operator, v,
shares similarities with the side-based PPF-induced discrete exterior covariant derivative proposed
in[Chapter 3| Specifically, it approximates the integral in the corner-based PPF of the discrete ex-

terior covariant derivative.
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4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

In the simplicial case, we employed the alternation operator to mitigate bias and enhance the
accuracy of the discrete exterior covariant derivative. For the non-simplicial case, we will apply
a similar strategy. However, unlike many of the previously mentioned concepts, the alternation
does not seamlessly transfer to the polytopal case. Consequently, we need to adapt the definition
of the discrete exterior covariant derivative for non-simplicial cells.

Generalized Barycentric Coordinates. Given a convex simplicial £—cell, we can define Whit-
ney basis functions, i.e zero forms as the barycentric coordinate functions of the primal vertices. In
the simplicial case the barycentric coordinate functions can be simply computed through a volume
ratio. In the non-simplicial case, this is not possible anymore.

Given a convex {—cell s with vertices vy....,v,, we call a set of functions ¢;: s — [0,1],i =
0,...,n generalized barycentric coordinates if for all x € s

I. ;-1:0 ¢i = 1
2. x=) 1 Pi(x)- v

In [WSHDoy7|, they propose a way to define such a set of generalize barycentric coordinates for
convex cells.

Definition 4.2 (Weight function of a simple vertex, [WSHDo7|). Given a convex cell C of
dimension n, whose faces are pairwise not colinear, we call a vertexv € C simple, if its valence is
n. Fora simple vertex let {ning(y)} be the set of normals of the faces that containv. Forx € C\dC
the weight function of dimension n for vertex v is given by

|det(nind(v) )|

w .
jcind)nj - (v —x)

n(¥) =

For x € dC we define

For a vertex v whose valence is k # 11, we follow the idea of [WSHDo7| to infinitesimally per-
turb the vertex, to create new artificial vertices in the mesh, that are each simple, for which we can
use the above definition, see Figure The weight for v is subsequently calculated as the sum of
the weights of each of the artificial new vertices.

We calculate the normal via the shoelace formula presented in [DGBD2o|]. This allows to
attribute a normal also to faces that are not necessarily planar anymore.

Definition 4.3 (Generalized Barycentric Coordinates.[WSHDo7). Giver a convex n-cell C,
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4 4

Irregular Simplex Perturbation into simple Vertices

Figure 4.1: Perturbation into simple vertices: Any non simple vertex can be perturbed into an
infinitesimal k— gon whose vertices are all simple

the generalized n—dimensional barycentric coordinate function of vertex v € C is defined as

$olx) = —nt)

= %
Zviec Wy (X)

In their Appendix B, [WSHDo7] prove that the coordinates functions ¢, are linear accurate and
that they form a partition of unity.

Remark 4.4. In contrast to the simplicial case the aforementioned generalized barycentric coor-
dinates are in general not linear functions along a straight path, but rational polynomials.

With this at our disposal we can define the discrete exterior covariant derivative on non sim-
plicial cells.

Definition 4.5 (Discrete exterior derivative for convex non-simplicial cells). Let M be a dis-
crete orientable manifold with a discrete vector bundle B with discrete connection V = {R; i } e;je€
on it. Let T be an (€ + 1)-dimensional convex polytopal region with dT = J;s;, where s; €

CY(T) are convex polytopal €—cells forming the boundary of T. Further let & be a discrete vector
valued C—form and ct be the center of mass of T. We denote

int ,_ . g
VP i=VU({R; ., R, i: i €V}
the discrete connection that contains in addition parallel transport maps from the primal vertices

to the barycenter of the cell. In addition, let (j)f] i €T} be a set of generalized barycentric

coordinate functions for every (—cell s j € JT.

We define the discrete exterior covariant derivative in this case as

d""a(T,er)= ) | ) pales Repwarlsjw)|,

5;€dT \WEs;
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4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

where cs, is the center of mass of ;. For a primal vertex v € T we define the PPF-induced
discrete exterior covariant derivative as

dVima(T,V) _ RV’CTdVinta(T’ CT)'

Remark 4.6. It is noteworthy that unlike in the simplicial case, we cannot generally define the
discrete exterior covariant derivative solely in terms of the PPF-induced derivative. In the simpli-
cial scenario, to exploit the sidedness of the PPF-Derivative, we could uniformly apply weights
to convert integrals in vertex-based PPF into integrals in center-based PPF. However, in the non-
simplicial case, this approach is generally no longer feasible. Nonetheless, under the additional
assumption that the (€ + 1)-cell solely consists of {—simplices, we demonstrate below a correla-
tion between the operators VanddV.

Figure 4.2: The choice of the center of mass as evaluation vertex implicitly subdivides the cell into
cones.

We can now prove that the discrete exterior covariant derivative evaluated on the barycenter
converges under refinement.
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Theorem 4.7. Let M be a smooth manifold and E(M) a smooth vector bundle with connection
V. Further let T C M be domain for which there exists a diffeomorphism @ and a polytopal con-
vex (€+1)-dimensional cell T such that (T ) = T. Furthermore we assume that there exist convex
polytopal (€)-cells {0;}i=1,. N with 0T =\J; 0;. Wedenote by s; C T the image of 6; under @.
Let o be an E—valued C—form arising through integration from a smooth form o € QY(M,E).
Let V™t be the discrete connection containing the parallel transport maps along the primal edges
of T and the joining paths from the primal vertices to ct, obtained through integration of V.

In this case, it holds

] RYrdVq = V" a(T, cp) + O(h*?) (4.2.1)
LRWTdVa =d"" (T, cr) + O(h'+3) (4.2.2)
or equivalently intrinsically
VJ dVa =V a(T, cr) + O(h?) (4.2.3)
T
| @%a=a"" a(T,cr) + O(H3). (4.2.4)
T

Proof. It holds for the integral in a center of mass based parallel-propagated frame

j RV1dV g = j RY1 o+ O(h*3).
T aT

This result was shown in[Definition 3.43{for the simplicial case. However, the same argumentation
can be used to show this statement also for the case of more general convex polytopal cells as long
as we base the PPF in the center of mass, see Remark 3.40]

Therefore
f RV da= )" J RV +O(h'*3).
T S;
SieaT

int
By definition, the contributions for d Voa(T,cr) coming from s; can be expressed as

ZRCT vq’)v Cs Szr )

VEs;

Thus, this means that the contributions for the error of Equation (4.2.2) coming from s; are of
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the form
Y ReputulesJatsv) - [ Ra- - Z%(Csi)(Rw [ ®oa- | RV'CTa)
VEs; Si VEs; Si Si

I
~e_
<
o
0
=
3
<
=
ﬂ
<
=
d
5
2

—cr,¢5, — cr)a+O(h+3)

Il
-
<

o
Nln

®)
S5<

<

*

—QV[Z(pv ¢, )(v—cr), _—CT]J‘ a+O(h'+3)

Si

— O(h€+3)

h€+2)

The contribution in * is of order O( and is the contribution to the error for face s; in Equa-

int
tion Equation 1) and does not cancel for the operator Y , which yields the claim. O

The key insight of the alternation operator in the simplicial case is its ability to convert corner-
based integrals into center-of-mass-based integrals. In the simplicial case, considering the centroid
or the center of mass is equivalent, allowing the use of uniform weights. However, in the non-
simplicial case, this equivalence does not hold, as the center of mass and the centroid are not iden-
tical. Consequently, non-uniform weights must be applied.

We provide in Section [4.2.1]a numerical verification of the theorems presented in this chapter.

Using the properties of the simplicial exterior derivative, we get the following result for the
operator acting on non-simplicial cells whose boundary consists of simplicial cells.

Theorem 4.8 (Relationship between the simplicial and non-simplicial discrete exterior covari-
ant derivative). Let M be a discrete manifold and E a discrete vector bundle over M with connec-
tion V. Let a be an E—valued C—form. Further let T = \J; s; be an (€ + 1)-cell whose boundary
consists of simplicial C—cells. Let c € R" be the center of mass of T and V™ the connection ex-
tending V to the joining paths from the primal vertices to cr. We denote by [ct, s;| the simplicial
€+ 1—cell formed by the center of mass and the (—cell s;. In this case we have

dV" a(T,cr) = Zdv [cr,5:], c7). (4.2.5)
s;€dT

Proof. In the following we will denote by S{ the j—th vertex of the i—th simplicial cell in the
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boundary of T. It holds

Y d"allersiber)= ) AlTEa((ersi) cr)

5;€dT 5;€dT
int 0 [
= ZAltV RCTll Sz; +Z CT; ire ;S-ZZ;..-;SZ'])
S,’EaT ]

Note that all non-boundary faces appear exactly twice in this summation. Butin the two cases each
time with opposite orientation. Therefore, as in the theory of scalar valued DEC, we can argue
that their contributions cancel. We are therefore left with the contributions on the boundary.
Using the definition of the alternation, we can deduce that every vertex in the simplicial cell serves
as intermediate evaluation fiber to transport the quantities to the barycenter. Hence

¢
Vint _ 1 ) ) ] _ Vint
E d* a([cr,silcr) = E 711 .EORCT'Sf a(si,s;)|=d" a(T,cr),
1 ]:

i

which means that in this particular setting we can reproduce the discrete exterior covariant deriva-
tive with the simplical discrete exterior covariant derivative. O

Discrete Exterior Covariant Derivative for (1, 1)-Tensor Valued Forms In the vector val-
ued case, in order to define the sided PPF induced discrete exterior covariant derivative we made
use of the center of mass as an auxiliary evaluation fiber to have a common evaluation fiber. For
the case of (1, 1)-tensor valued forms, we need to use a canonical fiber for input and output for
which we will both use the center of mass. We define therefore the sided discrete exterior covariant
derivative for (1, 1)-tensor valued forms through the following

Definition 4.9 (PPF-induced Discrete Exterior Covariant Derivative for
(1,1)-Tensor Valued Forms). Let M be a discrete orientable manifold with a discrete vector
bundle € with discrete connection V. = {Rij}e cc overit. Let T be an (€ + 1)-dimensional

convex polytopal region with dT = ;s iSjs where s; € Cg( ) are polytopal pairwise disjoint

C—cells forming the boundary of T. For each sj € Js let vo, vl €5 be two arbitrary vertices in
sj. Further let B be a discrete (1,1)-tensor wzlued {—form and CT be the center of mass of T.
We denote

V™= VUIR; R, ;1 i€V)

T l
the discrete connection that contains in addition the parallel transport maps from the primal

vertices to the barycenter of the cell. We define the PPF-induced discrete exterior covariant
derivative through

Vint
Y B(T,cr,cr) = ZRCT,] (],vo,vl)Rv{’cT

1t should be noted that the operator depends on the particular choice of intermediate input and

evaluation fiber vo, v{
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4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

If we are in the setup of Theoremit is possible to show that

VEnd

8VB(T,cr,cr) = f RY<r @V p (RV'CT )‘1 +O(h?). (4.2.6)
T

The definition of the sided discrete exterior covariant derivative depends on an arbitrarily cho-
sen input and evaluation fiber, introducing some sidedness. We aim to introduce an alternation
operator that addresses this sidedness and converts corner-based integrals into center-based inte-
grals up to higher order. Unlike the vector-valued case, a consistent averaging over both the input
and evaluation fibers is necessary. This motivates the following definition.

Definition 4.10 (Discrete Exterior Covariant Derivative for (1, 1)-Tensor Valued Forms on
non Simplicial Cells). Let M be a discrete orientable manifold with a discrete vector bundle E
with discrete connection V = {R;; }ei],e coverit. Let T bean (€+1)-dimensional convex polytopal
region with dT = J;sj, where s; € CY(T) are convex polytopal disjoint €—cells forming the
boundary of T. Further let B be a discrete (1, 1)-tensor valued {—form and ct be the center of
mass of T. We denote

V= VUIR; R, ;1 i€V)

the discrete connection that contains in addition the parallel transport maps from the primal
vertices to the barycenter of the cell. In addition, let {¢;|i € T} be a set of generalized barycentric
coordinate functionsin T.

We define the discrete exterior covariant derivative in this case as

dVi"tﬂ(T, cT, CT) = Z Z ¢w(csj) ¢v(csj) RCT,w ﬂ(sj,w,V) RV'CT g

s;€T \ (v,w)esjxs;

where Cs; is the center of mass of s;.

We observe that we have to do a nested alternation for the input and the output fiber in order
to improve the accuracy of the discrete exterior covariant derivative under refinement. With this
discrete operator in place it holds

AVB(T,cr,cr) = [ R0 ™ RV 4004 (+27)
T

We provide in Section a numerical verification of the convergence results and the derivation

can be carried out similarly to the simiplicial endomorphism valued case, see

Comparison with [BEHS21] and [CH23]. An alternative methodology for describing dis-
crete vector bundles at the cellular level is presented in [CH23]. Their approach involves assigning
one fiber per cell, considering per cell only one fiber on one inner point, which stands in contrast
to our method of one fiber per vertex. They define a connection by means of linear maps between
the chosen fibers per cell. This differs from our simplicial approach where a discrete connection is
established as a parallel transport map per primal edge. Unlike our method, their notion requires
additional information for parallel transport along the paths connecting the centers of {— and
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(€ + 1)-cells. This is in some sense closer to the V™ defined above. In their framework, given a
discrete connection and a differential £—form, the definition of a discrete exterior covariant deriva-
tive on a (£ + 1)-cell involves summing the evaluations of discrete bundle-valued differential forms
on the {—faces, transported to the dedicated fiber of the (€ + 1)-cell.

Our approach to defining a discrete exterior derivative on non-simplicial cells shares some simi-
larities with the methodology introduced in [BEHS21, Chapter 11]. We select a dedicated ‘artificial’
fiber situated at the center of the (€+1)-cell, serving as a point where summation is performed, and
the choice of transport paths is clearer. However, we currently assume that these transport paths
to the fiber in the center are provided. In addressing these limitations, we will elaborate below
on how our methodology resolves these issues. While our discrete exterior covariant derivative on
simplicial cells bears some resemblance to the approach presented in [BEHS21], the key distinction
lies in the incorporation of the alternation operator.

Notably, in Proposition 1r.1 of [BEHS21], it was demonstrated that the sided discrete exterior
covariant derivative can reproduce the exterior covariant derivative introduced in [CH23|]. This
Proposition 111 shares similarities with the presented Theorem [4.8[above.

Examining the right-hand side of Equation , we find a sum over all {—cells transported
to a dedicated fiber in the center, resembling the exterior covariant derivative presented in [CH23]]
and our presented notion of discrete exterior covariant derivative. On the right-hand side in the-
orem we observe a sum of exterior covariant derivatives on simplicial cells, defining d V for
non-simplicial cells, similar to the right-hand side of Proposition 1.1 in [BEHS21].

Estimation of the Connection 1-form. While we achieve convergence using the operator

tJlVim with parallel transport matrices from primal vertices to the barycenter, it necessitates data
not initially available on the primal complex. If we had knowledge of the underlying smooth con-
nection, integration would be possible. However, adopting a discrete perspective where informa-
tion is limited to the connection on primal edges, this approach falls short.

In our numerical tests, we empirically observed that [Definition 4.7|can be reproduced by fitting
alinear connection 1—form w to the integrated data available on primal edges. By integrating the
fitted differential form along arbitrary paths within the interior of the domain, we are able to de-
termine the parallel transport along these paths.

This approach worked well for the cells tested in our numerical experiments. The downside of
this approach is that the linearly fitted connection 1—form does not interpolate the values on the
boundary edges. If we were given linear accurate cellular basis 1-forms on non simplicial cells that
interpolate the connection 1—form on the boundary edges, we could use these to integrate the con-
nection 1—form along the joining paths from the primal vertices to the barycenter. This would
yield an exact reproduction of the connection 1—form on the boundary edges. However, as we
will explain in the following remark, constructing such basis forms is not straightforward.

Remark 4.11. In our experiments, we also conducted an estimation of the integral of the con-
nection 1—form by integrating Whitney basis forms derived from the aforementioned Whitney
basis 0-forms. However, in contrast to the simplicial case, a limitation arises. As demonstrated
in [GRB16] to reconstruct an accurately linear connection 1—form through Whitney basis forms
that are derived from Wachspress coordinates for 0-forms[Wac7s, [ WSHDo7], it is necessary to
possess information about the connection 1—form on segments connecting two vertices, even
when they do not constitute an edge. If ¢; denotes the Whitney 0—form for vertex v;, we ob-
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4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

tain

dx = Zd¢ixi = Z Zf;bj dpix; = Z Pjddix; +Z¢ ddix;.

iey ieV \ jev (i,j)EVxV,i=] iey

Since the functions ¢; form a partition of unity, it holds 0 = } ;.\, d¢;, thus

dx= Y gty ¢il- Y dey|x

(1,§)eVxV,i=j i€y jeV,izj
=) (pjdpi—pidy)x;
(i,j)EVRV,i%]
Equivalently
dx= ) (Gidej—didei)x;,
(1,j)eVxV,izj
thus

dx= ) (piddi—iddi)(xj—xi) =2 ) (pidedj—djdep)(x; —x;).
(i,1)EVxV,i%] i<j
By using the forms {¢;dp; — Pp;d; | (i,j) € VX V,i # j}, we can re express the form dx in an

€xact sense.

The derivation underscores a key challenge: achieving linear accuracy for the approximation
of the connection 1—form with Whitney forms necessitates knowledge of the differential form
along segments connecting vertices, even if they don’t constitute a primal edge. Despite employ-
ing various strategies to estimate the connection 1—form on these non-primal edges, numerical
tests revealed that these techniques lack the required accuracy. While these estimates ensure the
convergence under refinement for a single application of d v, they fall short of achieving enhanced
accuracy through alternation compared to §Y. Notably, only through a direct integral of the con-
nection 1—form along these non-primal segments can we managed to attain improved accuracy
for the exterior covariant derivative under refinement when compared to the sided PPF-induced
discrete exterior covariant derivative.

Furthermore, this underscores a challenge for the construction of a Whitney map on non simpli-
cial cells.

Numerically we are nevertheless able to reproduce the convergence under mesh refinement
using just the data available on the boundary edges. In practice we can use a least square fit of the
connection 1-form on the discrete data on the boundary.

Extension onto more general cells The argumentation in the convergence proof of Theo-
rem |4.7|reveals that the requirement of convexity is somewhat more stringent than strictly neces-
sary. In cases where the (£ + 1)—dimensional region is star-shaped and the barycenter is accessible
from every point within the cell, we can maintain convergence up to O(h'*3). This would re-
quire to use a set of generalized barycentric coordinates, like mean value coordinates to define the
averaging in the discrete exterior covariant derivative. Even if the star-shaped domain does not al-
low reaching the center of mass from every point, we can establish the parallel-propagated frame
based on the reachable point. However, under such circumstances, the reduction to the boundary

integral is only of order O(h¢*?).
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Discrete Exterior Calculus of Bundle-Valued Forms on non-simplicial cells

4.2.1  Numerical Verification

In the following we will illustrate for sample cases the convergence of the discrete exterior co-
variant derivative. The python verification code can be found under the following link ht tps:
//gitlab.inria.fr/geomerix/public/fulldec-non-simplicial/.

For the numerical test we will consider a given connection 1—form w and integrate it on segments
to use the discrete exterior covariant derivative. We use the connection 1—forms

0 ydx+dz xdz 0 xydz+dx x*dz
w, =|-ydx—dz 0 0 |, and wp=|-xydz—dx 0 0
—xdz 0 0 ~x*dz 0 0
(4.2.8)

to conduct the tests.

We use the approximation and quadrature schemes described in[Section 3.3.3]to calculate the path
ordered matrix exponential. Further we will use for the discretization of 1—forms a 5% —order
Gauf$-Legendre quadrature scheme to approximate the integral of the differential form a in a PPF.
For the discretization of 2—forms, we use 2D-quadrature rules (provided, for instance, in [Burio])
to approximate the integral in a PPF on the polytopal cells.

We illustrate the convergence under refinement when we use the direct integral of the connection
1—form on arbitrary paths to obtain the parallel transport and if we use an integral of a linear least
square fit with the data of the integrated connection 1—form on the primal edges to approximate
the parallel transport on arbitrary paths.

Verification of Theoremfor bundle-valued 1 —forms. We consider a convex non-simplicial
domain defined through the points shown in

0.75

0.00

-0.75

-0.6 0.0 0.4

Figure 4.3: Sample non simplicial test domain: We consider a convex, non simplicial test do-
main to carry out the convergence tests of the discrete exterior covariant derivative under mesh
refinement.

Subsequently we rotate by the angles (50°,25°,5°). and shift these points by a vector v =
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4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

Analysis of the error for the Discrete Covariant Exterior Derivative for 1-forms

—— 0V with direct integration
oV with fitted connection
—— dV with direct integration

—— dV with fitted connection

2-7 4

911 4

Relative pointwise error

9-23 4

9-27

9-0 9-1 9-2 -3 94 9-5 9-6 2'—7 le 9-9 2—’”) 2—'!1 9-12 9-13 9-14

Diameter

Figure 4.4: Decay of the error for bundle-valued one-forms: We observe that if we use a direct
integral of a known smooth connection or fitlinearly a connection 1 —form on the data available on
primal edges to calculate parallel transport, the discrete exterior covariant derivative converges with
quadratic order under refinement; to the PPF-induced sided discrete exterior covariant derivative
with linear order.

(2.0,2.1,-2.0) and For this particular test we use the solder form and the quadratic connection
presented in Equation (4.2.8). In this case we obtain the following convergence behaviour illus-

trated in Figure.

Algebraic Bianchi identity under refinement for vector-valued 1-forms For the verifica-
tion of the convergence of two consecutive applications of the discrete exterior covariant derivative
we consider a sample cell consisting of a pentagon and a parallelogram, see Figure. We use the dif-

ferential form
2xdx

a=| xdx te(M,IR3)
dz—zdy

and the linear connection presented in Equation (4.2.8). We rotate the test domain by the angles
(150°,25°,55°) and shift it subsequently by the vector v = (=2.9,1.1,-2.5). In this case the
convergence behavior can be seen in Figure[4.s|

Convergence for bundle-valued 2—forms To test the validity of Theorem [4.7| for bundle-
valued 2—forms on non simplicial cells, we use the cell illustrated in Figure We use the differ-
ential form

3ydy Adz+x*dz Adx
a= (xyz+1)dxAdy
xydyAdz
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Analysis of the error for the Algebraic Bianchi Identities for One forms

T T T
—— 2VdY with direct integration
~ —— 2VdV with fitted connection

9-1 ~ i

—— dVaV with direct integration

\ —— dVdV with fitted connection
\\

\\

2-5

S

Relative pointwise error
3
4

yo ~

RN

2-1 \
9-13 \\\

9-0 9-1 9-2 9-3 94 9-5 92-6 9-7 9-8 92-9 9-10  o-11 9-12  9-13 9-14

Diameter

Figure 4.5: Decay of the error for the algebraic Bianchi identity of bundle-valued one-
forms: We observe that if we use a direct integral of a known smooth connection or fit linearly
a connection 1—form on the data available on primal edges to calculate parallel transport to cal-
culate two consecutive applications of the discrete exterior covariant derivative converge under
refinement. As in the simplicial case, the operator d VaV has the same convergence order as the
operator d3¥dY under mesh refinement.

Figure 4.6: Non simplicial test cell: For the verification of the results, we use a convex non
simplicial 3—cell to verify the convergence results under refinement
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4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

Analysis of the error for the Discrete Exterior Derivative for Two Forms

2" 4 —— 9V with direct integration
9V with fitted connection
—— dV with direct integration

275 —— dV with with fitted connection

Relative pointwise error

%)

9-0 91 9-2 9-3 94 95 9-6 2'4 QL,; 29 2,'.,, 2,'“ 912 913 g-14

Diameter

Figure 4.7: Decay of the error for bundle-valued 2—forms In the described setup, we observe
that the relative error of the discrete exterior covariant derivative is of quadratic order under mesh
refinement, even if we use a least square fit of a connection 1—form to approximate the parallel
transport. For the sided discrete exterior covariant derivative we observe that the relative error
compared to the smooth ground truth is of linear order.

Given the quadratic connection presented in Equation , we rotate the test domain with
the Euler angles (110°,335°,15°) and shift it with the vector v = (=6.9,1.4,-2.5). Asin the
previous tests we compare the convergence under refinement using for the computation of the
parallel transport the direct integral of the connection 1—form and an integral of a least square
approximation of a connection 1—form fitted on the integrated connection 1—form on primal
edges. We illustrate the convergence behaviour in Figure[4.7}

Convergence for (1, 1)-tensor valued one—forms under refinement To verify the conver-
gence results that we described for (1, 1)-tensor valued forms in Equations Equation (4.2.6) and Equa-
tion (4.2.7)), we consider the (1, 1)-tensor valued 1—form

0 v%dx 0
B=|xdy dz 0
0 0 0

We consider as a sample domain for the convergence the cell presented in Figure Further,
we use the linear connection presented in Equation Equation . We rotate the cell by the
angles (50°,125°,35°) and shift the cell by the vector v = (=3.6,1.1,-2.5). We illustrate the

convergence behaviour under refinement in Figure

Convergence of the Algebraic Bianchi Identity for (1, 1)-tensor valued forms under re-
finement To test the convergence under refinement of the algebraic Bianchi identity towards
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Analysis of the error for the Discrete Covariant Exterior Derivative for (1,1)-tensor valued 1-forms

—— 0V with direct integration
9V with fitted connection
—— dV with direct integration

—— dV with fitted connection

Relative pointwise error

9-0 9-1 9-2 -3 94 9-5 9-6 2'—7 le 9-9 2—’“) 2—'!1 9-12 9-13 9-14

Diameter

Figure 4.8: Decay of the relative error for (1,1)-tensor valued 1—forms In the described
setup, we observe that the relative error of the discrete exterior covariant derivative for (1, 1)-tensor
valued 1—forms is of quadratic order under mesh refinement, even if we use a least square fit of a
connection 1—form to approximate the parallel transport. For the sided discrete exterior covariant
derivative we observe that the relative error compared to the smooth ground truth is of linear order.

its smooth counterpart, we use the 3D cell illustrated in F igure Further, we use the differential
form

0 -xdy O
B=|xdy 0 dz|eQ'(R?End(TR?) (4.2.9)
0 -dz 0

and the quadratic connection described in Equation Equation . We rotate the cell by the an-
gles (10°,15°,5°) and shift the cell by the vector (2.3, -2.1,—1.2). We illustrate the convergence
under refinement in Figure

Convergence Analysis for the Discrete Exterior Covariant Derivative for (1, 1)-tensor val-
ued 2—forms Toillustrate that the discrete exterior covariant derivative has a better convergence
rate then the sided PPF-induced discrete exterior covariant derivative, we will use a distorted cube
as a testing domain, where we slice off a corner. Subsequently we rotate the domain by the an-
gles (50°,135°,65°) and shift the domain by the vector v = (0.3,-1.6,0.5). We illustrate the
convergence behaviour under refinement in Figure
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4.2 Discrete Exterior Covariant Derivative on non-simplicial meshes

Analysis of the Error of the Algebraic Bianchi Identity of (1,1)-tensor valued forms

Relative pointwise error

9-13 4

—— 9VdV with direct integration
8!
oVdV with fitted connection

92-0 9-1 9-2 -3 94 9-5 2'—15 2'—7 Qlﬁ 9-9

Diameter

Figure 4.9: Decay of the relative error for the algebraic Bianchi Identity of (1, 1)-tensor
valued 1-forms In the described setup, we observe that the relative error of the operator 4VdV

converges linearly towards the smooth ground truth.

Analysis of the Error of the Discrete Covariant Exterior Derivative of (1,1)-tensor valued Two forms

9-16 ]

Relative pointwise error

9-20 ]

9-24 4

—— oV with direct integration
dV with direct integration
—— 0V with fitted connection

dV with fitted connection

9-0 21 9-2 9-3 9—14 9-5 2-6 9-T 2-8 9-9
Diameter

2—'10 2—'11

Figure 4.10: Decay of the relative error for the Discrete Exterior Covariant Derivative of
(1,1)-tensor valued 2—forms In the described setup, we observe that the relative error of the

operator d v compared to the smooth ground truth converges quadratically, whereas the relative

error for the PPF-induced sided discrete exterior covariant derivative decays linearly. As in the

previous tests, we observe that the relative error still decays order when we use a linearly fitted

connection 1—form to estimate the parallel transport.
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5 Conclusion

5.1 Summary

This thesis develops a structure-preserving discretization of Cartan’s exterior calculus that extends
classical scalar-valued discrete exterior calculus to the setting of vector-bundle-valued difterential
forms. The principal goal is to preserve the geometric and algebraic structure of the smooth the-
ory—connections, torsion, curvature, and their identities—while enabling accurate and robust
computation on discrete meshes. To this end, we first reviewed the differential-geometric foun-
dations underlying Cartan’s calculus, with particular emphasis on the interplay between vector
bundles, differential forms, and connections. This perspective clarifies which structures are es-
sential to preserve under discretization and guides the design of discrete analogues that preserve
the structures of the smooth theory. As a first concrete application, we studied the discretization
of torsion in a geometry-processing context. Focusing initially on surface meshes, we leveraged
the isomorphism between vector-valued 2-forms, tangent vector fields, and differential 1-forms to
construct a discrete notion of torsion that is compatible with the underlying geometry. Along the
way, we introduced a new discrete Levi—Civita connection that more accurately approximates its
smooth counterpart under mesh refinement. This construction enriches the geometry-processing
toolbox and was validated in applications such as vector field and cross-field generation. The thesis
then presents a general and unified framework for a discrete exterior calculus of bundle-valued dif-
ferential forms. A key conceptual difference from the scalar-valued setting is that discrete bundle-
valued forms must be associated not only with a simplicial cell, but also with a choice of evalua-
tion fiber. This additional structure is unavoidable and plays a central role in the formulation of
discrete operators. A major challenge in this setting is the strong frame dependence of bundle-
valued quantities. To address this, we introduced the notion of parallel-propagated frames, which
provide a canonical discretization frame for bundle-valued forms. When discrete bundle-valued
differential forms arise from discretization of a smooth differential form in such a frame, the result-
ing discrete exterior covariant derivative converges to its smooth counterpart under mesh refine-
ment. We further showed that the accuracy and structural fidelity of the discrete exterior covariant
derivative can be improved by incorporating an additional alternation operator. This operator is
essential to ensure that the algebraic Bianchi identities are satisfied in a combinatorial sense, and
that these identities remain valid in the limit of mesh refinement. Finally, we demonstrated that
the proposed construction extends beyond simplicial meshes to more general cellular complexes,
while retaining improved accuracy and convergence properties. Together, these results establish
a principled and extensible framework for discretizing Cartan’s exterior calculus on vector bun-
dles, bridging differential geometry, numerical analysis, and geometry processing, and opening the
door to structure-preserving discretizations of a wide range of geometric and physical theories.
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5.2 Discussion of alternative discretization strategies

s.2 Discussion of alternative discretization strategies

In the preceding chapters, we described two approaches for discretizing bundle-valued differential
forms. In the course of this work, we also investigated several alternative discretization strategies.
While each of these approaches was conceptually consistent, they presented distinct structural or
practical challenges. We briefly review these directions below, as they offer valuable insight and
suggest constructive ideas for future research.

s.2.1  Direct Optimization of the Connection with the Parallel-Propagated Frame

Conceptually, in the development of this dissertation, we started to develop the mathematics of
discrete exterior calculus for bundle-valued forms presented in [Chapter 3and |Chapter 4 We
subsequenty tried to turn this framework directly into a geometry processing application. Our
initial aim was to control a connection with a given torsion on a discrete surface. A natural first
attempt was to formulate an optimization problem based on a PPF-boundary integral definition
of discrete torsion. Although this is conceptually appealing, this approach proved impractical in
practice for a number of reasons. In this section we will document this attempt and explain where
the difficulties lay with this formulation.

Discrete Torsion via Parallel-Propagated frames

In the same spirit as in we tried to define the torsion of a connection on dual 2-cells of a

surface. Within this formulation, we could still maintain the identification (for a metric preserving
connection) of a connection 1-form with its angle valued component as seen in[Equation 2.1.4

We began by defining discrete torsion on dual 2-cells. For each dual face, we selected a primal
face as an evaluation fiber and used a parallel-propagated frame to transport vectors across the one-
ring of the corresponding vertex. Given a discrete connection, this construction yields a PPF in
the one-ring of each vertex.

Using this frame, the discrete torsion was defined by integrating the solder form along the
boundary of the dual face. Concretely, we consider a dual face (fy, ..., f,;) with evaluation in the

fiber of fy. We denote as in by Ey, the chosen frame in this face.

Discrete Solder Form

To finalize the discretization of the discrete torsion, we need to describe how the solder form de-
scribed in can be realized discretely in a parallel-propagated frame. For us, we dis-
cretized the solder form on dual halfedges in the PPF associated to the one ring with origin in the
evaluation fiber fy. Given a dual halfedge +7] oriented from face f; to face fj»> we note that the
parallel-propagated frame in face f; is given by
PPF _
E A Rfo’fl '”RfiflffiEfi’

where Ry, 7 denotes the rotation matrix associated to the discrete connection on the dual (half)edge
+f;, fi+1 expressed in the initially chosen base frame E. We denote by 6 fuey, ., theintegral of the
solder form from the dual vertex in face f; to the intersection point of the dual halfedge with the
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associated primal edge. We calculate the discrete solder form on the dual halfedge %7] expressed in
the base frame as

1

9*1’,1’7—1 = Ef'e ir€i,i+1 + Efi+1 9fi+1rei,i+lr
The solder form in the parallel-propagated frame is subsequently defined as

PPF

PPEF . _
041 = E foeiin T Efm 6fi+1f3i,i+l

PPF
#,1+1 * : 0

fi

In this case the torsion takes the form

Ofor-wo fu) fo = (O4F + O4FF, +--+ 0% ). (5:21)

As a result the torsion depends nonlinearly on the connection.

Formulation of the Optimization Problem

In order to control the discrete torsion, we need to formulate an optimization problem. The goal
was to find a connection that steers towars a given target torsion, while preserving the curvature
of the initial connection.

Inspired by the curvature control strategy of [CDS1o], we considered a base connection «a
defined on dual edges and introduced a closed angle-valued 1-form  on dual edges. The modified
connection a + f3 preserves curvature by construction, while p is intended to control torsion.
Stacking the torsion vectors at all vertices yields

O, () e RV,

For a prescribed target torsion Oarget, We defined the energy

Ey(B) = (©a(B) - ®target)T(®a(ﬁ) - ®target)- (5-2.2)

This energy is highly nonlinear and non-convex in §, making direct minimization impossible. For
the case of a genus zero surface, we can express the closedness constraint of § through the existence
of a potential function ¢ on dual faces such that = d ¢. This allows us to reformulate the energy
as an optimization over the potential ¢.

Direct Nonlinear Optimization. We tried to minimize this energy using standard nonlin-
ear optimization techniques. Similar problems have been addressed using Levenberg—Marquardt
methods, for instance in [CCi9].

We derived analytical expressions for the gradient of the torsion with respect to 8. Despite this
analytic access, the optimization landscape was extremely ill-conditioned. The torsion depends
on the connection through nested products of rotations, leading to strong nonlinear coupling
across edges and faces. In practice, standard nonlinear solvers consistently failed to converge to
meaningful solutions.
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5.2 Discussion of alternative discretization strategies

s.2.2 Torsion of Connections on Surfaces Through a Linear System

We presented in[Chapter 2Ja framework that allows us to control connections and their curvature.
Prior to this study, we worked on a difterent approach, where we tried to analyze torsion similar to
curvature via a linear construction, similar to the construction of [CDS10], where the curvature
of a connection is controlled via a linear system. We tried to discretize the equation

AV =d0+wA0O

in a fashion that depends linearly on the connection. We followed the idea that torsion is a tangent
vector valued 2—form. Just as the curvature is defined as a quantity on dual 2-cells, we tried to
introduce torsion as a tangent vector on dual 2—cells. However in order to do that, we first need
to describe a special local frame field in which the torsion vector can be expressed.

Local One-ring Frames

We defined into derive the modified Levi-Civita connection a local one-ring frame

inside the one ring of a vertex.

deS\C polar ’na

f/'i_’\%e/\“f ?T

/'T 5 bt
—> T -
—>
J k
Figure s.1: Local One-ring Frame. We construct for every one-ring neighborhood a parallel-
propagated frame field which is constant per each face (lefz). This frame is constructed from a

geodesic polar map of the 1-ring, 7.e., a planar parameterization where radial edge lengths are un-
changed and the tip angles around vertex 7 are scaled by a constant to sum to 27t (right).

Following the formulas derived in[Section 2.2.2} we could write down a direct analytic expres-
sion for the frame in the one ring neighborhood. Using this frame, we aimed to discretize the
wedge product arising in the definition of torsion directly. Given a vertex i € V and a face ijk € F

. . . . . k
seen in the one ring neighborhood of 7, denote this constant frame per face by Eg .

Discrete Wedge Product

In order to guarantee convergence under mesh refinement, we also introduce a weighted version
of the discrete dual-dual wedge product of [Hiros]. Our wedge product between two discrete
1-forms 8 and y on dual face #i is given by

(BAY). Z /\ *11 i Vxik ~ ﬂ*lky*l]) (5-2.3)

ijk>i
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where A; € IR are weights to ensure convergence of the wedge product. k
While the original wedge product uses A; = 1, it cannot even be ex- ik
act for constant forms. For general duals, A; should be set instead to Bl e\ i
. . . . . . Lk}
the ratio between the areas of two regions depicted in the inset: quadri- <
lateral #i N ijk consisting of the subset of dual cell *i which belongs to S
face ijk, and the triangle spanned by the two dual edges *ij,*ik. Explic- y
itly, i
\ Y ijk-i Area(xi Nijk)
"7 2 Y ke Area({xij, «ik})’
We thus define the weight A; accordingly, through:
1 A,
At : (5.2.4)

2 ) ijksi Aijk *ij *ik

Discrete Solder Form

The last ingredient required for our discretization of torsion is a solder form 0.5}, discretizing the
smooth form 6 introduced in Our discrete solder form associates values to dual
halfedges: the value 6,;; is a two-dimensional vector encoding the dual halfedge %7] in the frame
field associated to vertex i. Note that the discrete solder form 9,@ is not a discrete 1-form in the
sense of DEC, Ze. 9,@ * 9*]-7, because 9,@ represents a vector in the frame associated to vertex i
while 6.5; represents a vector in the frame associated to vertex j.

To compute 9*3, we begin by breaking the dual edge *ij up into two segments: one running
from the dual vertex cj;; of face jil to the midpoint ¢;; on edge ij, and one continuing on from
that intersection point onto the dual vertex ¢;jx of face ijk. We then sum up the expressions for
each segment in its face’s frame:

ik\" ;i\t 2

Discrete Torsion

From the discrete solder form G*ﬁ, computing its exterior derivative over the dual face *i amounts
to simply summing these dual-edge values around vertex 7. Similarly, with the weights introduced
above, we can evaluate the discrete wedge product between the matrix-valued connection values
. and the vector-valued solder values 9*;7

(WAB), = Z Niji (05 0.t — 0.70.57), (5.2.6)
ijk>i

Discrete torsion expression  With all of these definitions in place, our discrete torsion is simply
defined by the exact same equation defining the smooth torsion, ze.,

@) =(d0),; +(wA0),;, (52.7)
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5.2 Discussion of alternative discretization strategies

where the term d6 is interpreted as the ordinary discrete exterior derivative applied separately to
the two coordinates of 6. We note that as in there exists the angle valued 1—form .
and we have the relationship
o = ( OA —a*ﬁ),
aﬂ-]- 0

hence the discrete torsion per dual face depends in a linear fashion on the values of a.jj on the

dual halfedges.

Change of frame formula The discrete torsion we just defined depends linearly on the choice
of connection w as Eq. explicitly states. However, note that we use the discrete connection
expressed in the local frame around each vertex; so two nearby vertices will use different values
for the same connection. Yet, for implementation purposes, we need to only rely on |£] values to
define our connection. Notice that our connection @ = J& represents by a scalar rotation angle
. associated to each halfedge _17 ; but the values . and @.j; on the two sides of edge ij are not
independentsince @ measures a rotation in the local frame field of vertex i, while —a.5; measures
a rotation in the local frame field of vertex j. Therefore, the two values are in fact related through

(X*ﬁ' = _a*fj + p*ﬁ (528)

where the scalar shift P.ij accounts for the difference between the local frame fields associated
to vertices i and j. Note that this amounts to a special case of the gauge transformation for the

connection 1—form in [Equation 1.5.3

Angle shifts  Conceptually, a rotation by a.;; maps vectors from basis EX to basis E!, whereas

a rotation by —a.;; maps from basis EZZ to basis Ei] . So to convert between the two, we must

account for the rotation from basis EX* to E/", and the rotation from basis E i] to basis E]’.l. Ity

denotes the ar}gle needed to rotate from E l] to E ]l.“ and ¥5; denotes the angle required to rotate
i ] .

from E; to E;7, then the shift p,;7 is given by

P47 =i + Uy (5.2.9)
With these shifts, Eq. can be properly evaluated for any discrete dual connection as intended.

Issues with this formulation

This formulation seems at first glance to be directly in line with the work done in [CDS10] for
the curvature. But we realized in our experiments that this formulation is extremely sensitive to
mesh quality. In our experiments, we noticed that the trivial connection algorithm is extremely
robust, even on the worst meshes. In our experiements, we tried for instance to design the cur-
vature of a connection with the trivial connection algorithm, subsequently even if we prescribed
an admissable torsion in the sense of we could only recover a connection on meshes
that were perfectly Delaunay. Even slight and local deteriorations of the mesh quality were suffi-
cient in order to introduce large noise in the final connection, such that the recovered field had no

resemblance with the fields that we presented in

However, this presented formulation has the advantage thatitis not directly dependent on the
isomorphism of vector fields and vector valued 2-forms. Therefore, this formulation could serve
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as a starting point for analyzing the torsion of a connection on a 3—dimensional manifold. In this
context, it may serve as a helpful tool for the analysis of 3D frame fields as used in the generation
of hexahedral meshes.

5.3 Future Work

Building on the framework developed in this thesis, several natural directions for further investi-
gation emerge. The structure-preserving discretization of bundle-valued exterior calculus opens
new perspectives both in differential geometry and in geometry processing. In the following, we
outline three research directions in mathematics and computational geometry where the ideas de-
veloped here may serve as a foundation. Each of these directions builds on the core principles of
discrete connections, torsion, and parallel transport, while extending them toward new theoretical
or practical applications.

5.3.1 Torsion Guided 3D Frame Generation

Hex meshing remains one of the central challenges in geometry processing, largely because a high-
quality hex mesh is tightly linked to the existence of a globally consistent 3D guidance frame field.
A common conceptual pipeline is to (i) compute a frame field in the volume that aligns with pre-
scribed boundary frames and exhibits low distortion, and then (ii) extract a hexahedral mesh by
tracing iso-surfaces / separatrices of the induced coordinate directions and fitting a combinatorial
grid to this structure [PCS™22)]. A key difficulty is therefore to characterize and enforce when a
frame field is meshable, i.e. when it can be interpreted as a coordinate frame of an (approximately)
grid-like parameterization.

Frame fields come with an additional source of ambiguity: In three dimensions, a cube has
24 rotational symmetries, so a choice of three orthogonal axes is only defined up to the action
of the octahedral group. Consequently, directly storing a frame as an ordered triple of vectors is
numerically and conceptually challenging, since neighboring frames may differ by a rotation in the
octahedral group. In an optimization context this would lead to a difficult mixed-integer problem.

This motivates zmplicit frame representations, where a frame is encoded not by explicit axes,
but by an invariant object that attains extrema at those axes.

A particularly successful strategy is to represent a frame through a scalar function on the
sphere, whose maxima occur at the (unsigned) axis directions of the frame. One convenient con-
struction uses a homogeneous polynomial of degree four:

fi82=R flx)=) A xY (53)

where (v1,v,,v3) is an orthonormal basis representing the frame and A; > 0 encode anisotropic
weights. Since f is a polynomial restricted to the sphere, it can be expanded in spherical har-
monics, i.e. as a finite sum of Laplace—Beltrami eigenfunctions on S 2 [HTWB1, PBS20]. In the
isotropic case A; = Ay = A3, the signal can be captured purely by the band-4 subspace. If Y},
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i €{—4,...,4} denotes a basis of the band 4 spherical harmonics, we can expand

4
f:8? 5 R: x> ZYiqi,
i=—4

yielding a coefhicient vector in R®. If we allow for distinct J;, it was shown by [PBS20] that this
introduces band-2 components (in addition to band-4). In this case, the frame is still represented
by 3 orthogonal axes (unless the A; = 0), thus these tensors are referred to as orthogonally de-
composable tensors (Odeco). However now the frame may have differently scaled axis. In this
case the frame may be represented by an R!> coefficient vector. These implicit representations
are attractive because they avoid mixed integer programming in the optimization due to 24-fold
symmetry.

Most practical methods prescribe boundary alignment, extend the field to the interior (e.g.
by harmonic or Poisson-type smoothing), and then optimize an energy combining smoothness,
alignment, and regularization. Depending on the representation, this is done either directly in
coefhicient space or via manifold-based optimization to better respect the underlying quotient ge-
ometry. However, even when a field is smooth in this sense, it does not need to be meshable:
smoothness controls variation but does not, by itself, enforce the commutativity constraints that
would make the frame behave like a coordinate system.

This observation connects to the viewpoint developed in There we saw that torsion
of a trivial connection induces twists in the arising field. In the present setting, a frame field may
likewise be interpreted as the outcome of some (implicit) parallel transport rule: if neighboring
frames are aligned by a discrete transport map (e.g. the nearest symmetry element relating their
implicit representations), this alignment can be viewed as defining a connection.

In two dimensions, the situation is conceptually cleaner and the literature typically phrases
integrability in terms of commutativity rather than torsion. Given two guiding directions U, V
(e.g. the two directions of a cross field after choosing a local branch), the existence of a local pa-
rameterization whose coordinate lines follow U and V' is equivalent to the vanishing Lie bracket
[U, V] = 0. Using the torsion-free Levi—Civita connection, this condition can be rewritten as
VyV = VyU = 0, which is the form most directly exploited in "integrable cross field" meth-
ods [CCR26,/SFCBCV19].

We conducted several experiments in two dimensions. In particular, we considered a spiral vec-
tor field exhibiting a slight closure defect: the streamline fails to close consistently after transport
around a loop, resulting in a small “near miss.” We then interpreted the resulting displacement
vector as an interior torsion contribution and prescribed the exact component of the target tor-
sion accordingly. After re-propagating the field with this torsion corrected connection, the closure
defect was eliminated, effectively resolving the near miss.

Extending these ideas to 3D remains challenging. While local integrability conditions for
frame fields are understood [LB23], globally meshable configurations involve topology, singular-
ity structure, and discrete symmetry choices. Hence, meshability in 3D is far less settled than in
2D. Nevertheless, the torsion viewpoint suggests an interesting avenue for future research: Can
we augment frame-field optimization with an additional term that controls the torsion of the con-
nection induced by a frame alignment rule. In principle, such a term would penalize the failure
of infinitesimal cells to close under the induced transport and could bias the solution toward inte-
grable, grid-like structure. In practice, defining and differentiating such a torsion energy in 3D (in
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Calculate induced
connection

Field

Figure s.2: Torsion guided field design. We start with a spiral vector field (left) which has a near
miss and does not close up. We then take the displacement vector between the start and end of
the spiral and prescribe it as torsion in the interior of the spiral. Repropagating the field with this
torsion yields a closed spiral field (right).

the presence of octahedral symmetry and singularities) is nontrivial. We would need to find a dif-
ferentiable way to encode torsion on a mesh in terms of the IR'> Odeco coefficients. We therefore
regard this as an interesting direction for future work.

5.4 Discrete Ricci Tensor and Contracted Bianchi Identities

The central theme of this thesis is the development of exact, structure-preserving discretizations of
geometric objects and differential operators. Rather than aiming solely at asymptotic convergence,
our focus lies on discretizations that inherit fundamental identities and invariances of the smooth
theory by construction, independently of mesh resolution or approximation order.

A particularly compelling application of bundle-valued exterior calculus and the Bianchi iden-
tities lies in general relativity.

In the smooth setting, spacetime is modeled as a four-dimensional Lorentzian manifold (M, g)
equipped with a Levi-Civita connection V. From this connection one derives the Riemann curva-
ture tensor, its contraction to the Ricci tensor Ric, the scalar curvature R, and finally the Einstein
tensor

G :=Ric-$Rg.

The Einstein tensor encodes the geometric response of spacetime curvature to matter and energy,

represented by the stress-energy tensor T through the Einstein field equations [MT W73, Ein16]
G=8nT.

Solutions of these equations include flat Minkowski spacetime, as well as curved spacetimes
describing physically observable phenomena such as the precession of planetary orbits, famously
exemplified by the anomalous perihelion advance of Mercury [Eino6]. Beyond the field equa-

tions themselves, general relativity is governed by a fundamental conservation law: the contracted
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Bianchi identity, stating that the Einstein tensor is divergence free
div G =0,

which ensures local conservation of energy and momentum. This identity can be derived from
the differential Bianchi identity for the Riemann curvature tensor. In the book "Gravitation" by
Misner, Thorne and Wheeler [MT W73, page 364], the importance of this geometric structure for
the physical theory is motivated as follows:

§15.1. BIANCHI IDENTITIES IN BRIEF

Geometry gives instructions to matter, but how does matter manage to give instruc-
tions to geometry? Geometry conveys its instructions to matter by a simple handle:
“pursue a world line of extremal lapse of proper time (geodesic).” What is the handle
by which matter can act back on geometry? How can one identify the right handle
when the metric geometry of Riemann and Einstein has scores of interesting features?
Physics tells one what to look for: a machinery of coupling between gravitation
(spacetime curvature) and source (matter; stress-energy tensor T) that will guarantee
the automatic conservation of the source (V + T = 0). Physics therefore asks mathe-
matics: “What tensor-like feature of the geometry is automatically conserved?”
Mathematics comes back with the answer: “The Einstein tensor.” Physics queries,
“How does this conservation come about?” Mathematics, in the person of Flie
Cartan, replies, “Through the principle that ‘the boundary of a boundary is zero’”
(Box 15.1).

In recent years, several works have explored discretizations of scalar curvature and Einstein-
type quantities [GN23b,|GN23a]. In their work, they use finite-element formulations of Regge
calculus [Reg61, [Liz8] that give rise to definitions of scalar curvature and Einstein tensors in a
distributional sense, together with convergence results. Within this variational framework, the
contracted Bianchi identity is recovered 77 a weak sense, meaning that the discrete Einstein tensor
satisfies the appropriate conservation law when paired against admissible test fields, reflecting the
underlying variational and symmetry structure of the continuous theory.

While this weak formulation is fully consistent with the geometric origin of the identity and
sufficient for many analytical purposes, it differs conceptually from the type of exactness encoun-
tered in discrete exterior calculus. For instance, identities such as Stokes’ theorem or discrete
Bianchi identities for exterior derivatives hold exactly at the cochain level, independently of poly-
nomial degree or mesh resolution, as a direct consequence of the nature of the discretization.

This opens an important direction for future research. An interesting question is whether one
can develop a discretization of the Ricci tensor, scalar curvature, and Einstein tensor that is geo-
metric and structure-preserving in the same strong sense, such that identities like the contracted
Bianchi identity hold by construction at the discrete level, like we have seen for the discrete Bianchi
identities (Theorem Theorem or Stokes” theorem c.f. [Section 1.3]. Achieving such a
formulation would require a deeper synthesis of discrete connections, curvature, and the discrete
Bianchi identities, and remains an open challenge.
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s.s Discrete Elasticity with Bundle-Valued Forms

Classical formulations of nonlinear elasticity are most commonly expressed in terms of the de-
formation gradient F = D¢, from which strain measures, stresses, and equations of motion are
derived. While highly effective in practice, this representation is not intrinsic: it depends on the
choice of coordinates, reference frames, and Piola-type transformations between reference and
current configurations.

An alternative, geometric viewpoint has been developed in a series of works on bundle-valued
differential forms, most notably by [KAT ™07, RBC" 23], where stress is interpreted as a covector-
valued differential form and balance laws are expressed in terms of exterior calculus. This perspec-
tive provides a coordinate-free and structure-preserving formulation of continuum mechanics.

Metric-based description of deformation. Let M denote the reference configuration of an
elastic body, modeled as a three-dimensional Riemannian manifold endowed with a reference met-
ric go. A time-dependent deformation is given by a smooth embedding ¢; : M — R3. Pulling
back the Euclidean metric of the ambient space yields a Riemannian metric

8t = (P?geucl

on M, which encodes the elastic deformation. In contrast to the deformation gradient, the metric
gy is an intrinsic object, independent of coordinates or frames, and captures all local changes of

length and angle.

The metric g; induces a Levi-Civita connection V$ on the tangent bundle T M, which in
general differs from the reference connection associated with gj. Elastic strain may therefore be in-
terpreted geometrically as a discrepancy between the current and reference metrics. A particularly
natural measure of this discrepancy is given by the Riemannian logarithmic strain

W, :=logg (1),

which represents the tangent vector at gy corresponding to the shortest geodesic (in the manifold
of symmetric positive-definite metrics) connecting gy and g;. This strain measure is the intrinsic
analogue of the classical Hencky (logarithmic) strain and reduces to the linearized strain tensor in
the infinitesimal limit.

Elastic energy and Doyle—Ericksen stress. Based on the logarithmic strain, one may define
an elastic energy density of Hencky type,

A 2
e(gy) = ,14||Wt||§0 ) (trgo Wt) ,

where p and A are Lamé parameters. This energy density is quadratic in the intrinsic strain,
isotropic, objective, and recovers classical linear elasticity for small deformations. Integrating e(g;)
over the reference configuration yields a global elastic energy functional.

For hyperelastic materials, the stress is obtained variationally by differentiating the energy with
respect to the metric. In the geometric formulation of elasticity, this relation is known as the

Doyle-Ericksen formula [KAT 07|,
de

O':a—g,
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where o is a symmetric contravariant 2-tensor, often referred to as the metric stress. This definition
is intrinsic and avoids reference to Piola transformations or mixed two-point tensors.

Following the geometric reformulation of continuum mechanics proposed by [KAT " o7], the
metric stress 0 can be canonically converted into a covector-valued differential two-form

T:=1y0 € QX M;T*M),

referred to as the traction stress form. This object represents force flux across oriented surface el-
ements and is the natural quantity to integrate over faces. In particular, pairing T with a velocity
field and integrating over a surface yields the rate of work done by elastic forces, without the need
to introduce surface normals explicitly. If v denotes the spatial velocity field and b denotes a body
force per unit mass. Using Cartan’s exterior calculus for bundle-valued forms, the balance of linear
momentum can be written compactly as

vb®ppl:dvgr’[+bb®p]/l, (s-5.1)

where p is the mass density, p the volume form associated with g;, and dV* denotes the exterior
covariant derivative induced by the Levi-Civita connection of the current metric, c.f. [KAT o7].
This equation is the intrinsic, form-based analogue of the classical elastodynamic equations and
expresses force balance as a geometric conservation law. In particular, equilibrium corresponds to
the condition dV¥ 7 = 0.

Outlook toward discretization. While the continuous formulation above is fully intrinsic,
to this day there does not exist a similar intrinsic discrete description of elastodynamics. A cen-
tral contribution of this thesis is the introduction of a discrete analogue of the exterior covariant
derivative dV for bundle-valued forms, which opens, a concrete pathway toward discretizing
[tion s.5.1]in a structure-preserving manner. In this setting, the traction stress T may be interpreted
as a discrete covector-valued two-form associated with (possibly dual) faces of a tetrahedral mesh,
while the discrete operator d v naturally maps such quantities to (dual) volumes, encoding force
balance through an exact combinatorial relation.

This perspective suggests a novel route to elasticity simulation in which stresses are treated
as fluxes and equilibrium arises from a discrete Stokes-type theorem, rather than from assembled
element-wise force vectors. Whether such a formulation leads to improved numerical properties,
such as enhanced stability, robustness under large deformations, or reduced sensitivity to locking,
remains an open question. Nonetheless, the availability of a discrete exterior covariant derivative
for bundle-valued quantities provides a previously missing geometric ingredient and motivates
further investigation into form-based, metric-driven discretizations of elasticity.
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A Analytic Minimal-Torsion Triv-
ial Connections

We obtain closed-form expressions for minimal-torsion trivial connections on the sphere by first
deriving closed-form expressions on the plane, and then showing that minimal-torsion connec-
tions map to minimal-torsion connections by conformal maps. We can thus apply stereographic
projection to obtain minimal-torsion trivial connections on the sphere, at which point we can
easily achieve any other torsion by adding a given 1-form to our connection.

The planar case Suppose we have singularities located at positions {sl- = (sf, s; )} with target
indices 1; € Z. In the standard frame e}, e, of IR?, the connection 1-form for the Levi-Civita
connection is zero. So we can write any metric connection using a real 1-form a € Q! (IR?), and it
will capture these singularities if its curvature is

dakw) = —ZZnnié(x—s;‘,y—sf), (A.0.1)
i
where 0 is the Dirac ¢ function. This equation is solved by

qOPt = _ Zni d@(x—sf,y—sf)' (A.0.2)

where d @ is the angle 1-form

dpliyy) = —xziyz(—y dx +xdy). (A.03)

We can always add a gradient to a°P* to get another solution, but @°P* is the minimum-norm
solution, and hence describes the minimal-torsion connection with this curvature.

Finally, we can easily integrate a°P*

d @ along a line segment measures the angle between the endpoints when viewed from the ori-
gin. Using the integral of a°P*
connection.

along any line segment by observing that the integral of

, we obtain parallel vector fields from our minimal-torsion trivial

Transformation under conformal maps Let M be a surface with metric g, and fix an or-
thonormal frame E and with solder form 0. If g := e?"g is a conformally rescaled metric, then
the frame E := e™*E is orthonormal with respect to g, and the dual frame is 6 := " 0.
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Analytic Minimal-Torsion Trivial Connections

Now, suppose we have a connection 1-form @ compatible with metric § written with respect
to frame E. So @ has the form 0 = Ja.

We can apply a change of frame to @ to express our connection in frame E. Intuitively, when
seen from E, parallel transport by @ rotates vectors by —a the same way it did in frame E but now
scales them by —du as well. If we ignore the scaling and “project” @F to be compatible with our
original metric g, we get a new g-compatible connection

Proj (aN)(E)) =Ja, (A.0.4)

which is just our original expression for @. Note that &'\F) and Proj(J(E )) have the same curvature,
since they differ by a du term whose exterior derivative is zero.

Now, we can look at how torsion changes under our change of frame. The torsion of @ in
frame E is given by

©:=do+@A6. (A.0.5)

If we expand out the definitions, we find that

O=c"(dun0+do+a@A0), (A.0.6)
and therefore, B
dO+woAO=e"O—-du 0. (A.0.7)
Applying[Equation A.o.4]reveals that
d6 + Proj(@) A6 = O —du 16, (A.0.8)

or equivalently, the torsion of Proj(@'F)) is equal to e #© — du A 6. Finally, one can check that
du A 0 is exactly equal to (*d u)*d A, where the sharp operator and area form come from the
original metric g. In summary, if we start with a connection @ with torsion ©, then applying
a conformal transformation and projecting the resulting 1-form to be compatible with the new
metric yields a connection with the desired curvature and torsion equal to e 1O — (kdu )ﬁdA.

Since we are interested in the case of the sphere, and we know that Pro;(a)(E )) has the correct
curvature, it suffices to check that the divergence of its torsion is zero whenever the divergence of
© is zero. More formally, let T be the vector field such that © = ng, and similarly let T be the
vector field such that e 7@ — (*du)ﬁdA = TdA. We wish to show that div, T = 0ifand only if

divy T = 0. Since dA = e®"dA, we have © = ¢ *e?*Td A, and therefore T = e T — (*du)ﬁ.

divy T = divg (" T - (xdu)?) (A.0.9)
=div, (e” T) (A.o.10)
= e" divg (T), (A.o.11)

the first step uses the fact that (*du)ﬁ is divergence-free (since it is a rotated gradient), and the
second fact uses the transformation rule for the divergence of a vector field under a conformal
change of metric. Since e" is nonzero, we conclude that divg T = Oifand only ifdivg~ T =0.So
our projected connection has minimal torsion if and only if our original did, as desired.
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B Proof of Theorem. Definition 3.36

Proof. By definition,
dVd¥a(o,vy) = AltY &Y Alt 8V a([vy,..., v0], o).

We will show that the discrete map bV Alt bV & can be brought in the desired form. We will argue
below that a novel application of the alternation operator does not violate this and will still be of

the required form in [Definition 3.36| In this case, we have

oV ALt dVa([v, ..., v v0)

0+2
=Ro; AltdY a([vy,...,ve10] v1) + Z(—l)’Alt 3V a([vg,... Die s Vesa] Vo)
i=1
1
=Ro1 e Z Rz sgn(m)dY a(re([vy,...,vp12]) V(1))
|S€+2|nes
+2
0+1 1
+z(—1)l|sg 5 ) sgn(mRox(o) bV a(m([vo, s i Vs2]) V(o))
i=1 + T(GS[Jrz

In the following, we will use the notation ¢* := [vy,...,7},...,V¢y2], and with it

—

(r(a")) = [r(a")o,..., (0D)j,..., (0" )esa),

to mean that we first omit the i vertex, then permute the (€ + 1)-simplex with a permutation and
then, out of the induced ordering, omit the j th vertex to obtain an £ —simplex. This yields

VALtV a([vo,...,vei0] v0) =

1
Ro1 Soal Z sgn(T)R15(o),

l+1
Ro(s) m(o), &(10(0°)%, v2) + Z’(—l)]6¥(7T(00)],Vn(a)1 )]

nesf+2 ]:1
(B.o.1)
& (—1)i l+1
4 N , ; "
- 1Se22] R;Z s (1) Ron (o), | Rr(0)r(oi), @(T0(0")", Vr(oi), ) + ;(_1)]4(7(((71)],1)71((;)0)

Each of the parts of the sum consists of a sign, the evaluation of the differential form a over a
permuted subsimplex with two missing vertices and a parallel transport map to the common eval-
uation fiber. It thus remains to show that for a given permutation 7 € Sy, 1, the subsimplex 7(c"/)
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Proof of Theorem. Definition 3.36

is used twice for the eval}}ation of a, but with a different sign. In this case, in Equation , the
evaluation of @ on 7(0'/) appears twice, with two potentially different parallel transport paths to
v( and with opposite sign, leading to a discrete curvature expression to which we apply the evalu-
ation of & on the permuted sub-simplex.

Without loss of generality we can assume that i < j. In order to create the permuted simplices, we
distinguish two cases. For the first application Y we omit v;, leading to a sign of (—1)".

Starting with ¢, since we assumed that i < j, we can now apply (j — 2) transpositions to bring v f
in the first slot of the simplex. Next, we can apply the permutation 7 on the last (€ + 1) vertices.
This leads to a sign of (~1)/~2 - sgn(t). Now, for the second application of b, the vertex v} is in

the 0% slot — thus the sign does not change. The sign of evaluation will then be (-1 )iti=2+sgn(t)

On the other hand, consider the case where we omit first the jth vertex in the first application of
d. This leads to a sign of (—1)/. On the simplex 0/, there are now (i — 1) transpositions needed to
transport v; to the 0% slot. We can now again apply the permutation T on the last (£ + 1) vertices.

Subsequently, when applying b a second time we will omit v; in the 0% slot, leading to a total sign
of (-1 )j+ifl+sgn(1)'

This implies that for each evaluation of & over T(0"/), there exists an evaluation of & over T(0"/),
with a possibly different transport path to the common evaluation fiber over v, and more impor-
tantly a different sign for the parallel transport path, turning the expression of Equation (B.o.1)

into a sum of curvatures, to which we apply evaluations of a.

Since the alternation of a discrete bundle-valued differential form takes care of consistent signing
and transporting to common fibers, we can conclude that there existsa K € C?(0) x C (o) such
that

dVdVa(o) =

1
o L am=9"ra
' " (m,x)eK
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C Simplification of non-commmutative
expressions.

In various parts of this paper, we used the NCAlgebra library [HDOS10] to simplify expressions
from our operators, where connection matrices and discrete 1-forms are non-commutative vari-
ables. A notebookisavailableathttps://gitlab.inria.fr/geomerix/public/fulldec),
structured in the following way: first, as illustrated in we initialize the symbolic par-
allel transport matrices; then we show in how to initialize a symbolic vector-valued
differential 1-form; finally, we see in how the PPF-induced sided discrete exterior co-
variant derivative and discrete exterior covariant derivative can be implemented with simplified

expressions.

In[1:= << NC”

=« NC: You are using the version of NCAlgebra which is found in: "C:\Users\tbraune\NC
In[z]= << NCAlgebra™

-« NCAlgebra: All lower cap single letter symbols (e.g. a,b,c were set as noncommutative

21= SetOptions[inv, Distribute -+ True]

In[43= SNC[r12, ri13, ri4, r23, r24, r34]

r21 = inv[rl2]; r31 = inv[ri13]; r32 = inv[r23]; r42 = inv[r24]; r43 = inv[r34]; r41 = inv[rid];

= rdd = Id; r33 = Id; r22 = Id; r11 = Id;

In7= rot = {{ril, ri2, r13, r14}, {r21, r22, r23, r24}, {r31, r32, r33, r34}, {rd4l, r42, r43, rd4}}

1

o= {11, r12, r13, rla}, (r12'%, 1, r23, r2al, (r13t, r23't, 1, r3al, [r1at, t

1 .
r24 ©, r34 7, 1_- i

MatrixForm[rot]

1 rl2 rl3 rl4
rizt 1 r23 r24
r13! r23! 1 r3a

lrial r2al r3al 1

Figure C.1: Definition of the symbolic variables for the connection
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Simplification of non-commmutative expressions.

SNC[alphall, alphal2, alphal3, alphald, alpha21, alpha22, alpha23, alpha24, alpha3i, alpha32, alpha33, alpha34, alphadl, alpha42, alpha43, alphad4]
alpha =

{{alphall, alpha12, alpha13, alpha1d}, {alpha21, alpha22, alpha23, alpha2d}, {alpha31, alpha32, alpha33, alpha3d}, {alphad1, alphad2, alpha43, alphada}}
i 1alphall, alphal2, alphal3, alphald), (alpha2l, alpha2z, alpha23, alpha2a], (alpha3l, alpha32, alpha33, alpha3a), (alphadl, alpha42, alpha43, alphadd)

Implement the formula for the exterior derivative of t

-form
w111= dalpha[ {a_Integer, b_Integer, c_Integer}] := (alpha[[a]][[b]] + (rot[[a])[[b]]) =+alpha[[b]]1[[c]] - alpha[[a)][[c]])
inizi= dalpha[{1, 2, 3}]

ouiiz= alphal? - alphal3 « rl2 == alpha23

n12= dalphaBar[{a_Integer, b_Integer, c_Integer}]

(avg = 85 G = Permutations[{a, b, c}]; Alp = Map[dalpha, Permutations[{a, b, c}]]1; let
(* Do not forget to pre and post multiply with the matrices to the start and end fiber -

Do[sigma = G[[i]]; sgn = Signature[sigma];
transport = Alp[[i]];

start = sigma[[1]1;

transport = rot[[a]][[ start]] == transport ;
avg += (sgn/len) » transport, {i, 1, len}1;
avg)

= Length[G];

o741 = NCSimplifyRational [dalphaBar[{1, 2, 3}1]
alphal2 alphal3 r12 -- alpha2l
T2 2 3

r12 == alpha23  rl3=-alpha3l rl3=»alpha32 rl2s=r23--alpha3dl 1 .
ouy R 2 . 3 2 s . g i3 e 23t alphazl

n[15:= ddalpha[ {a_Integery b_Integer, c_Integer, d Integer}] :=rot[[a]][[b]] #=dalpha[{by c; d}] - dalpha[{as c; d}] + dalpha[{as by d}] - dalpha[{as by c}]
= NCSimplifyRational [ddalpha[ {1, 2, 3, 4}]]

r13 «+ alpha34 + r12 «+ r23 =+ alpha34

n16}= ddalphaBar [ {a_Integer, b_Integer, c_Integer, d_Integer}]

=rot[[a]][[b]] == dalphaBar[{b, c, d}] - dalphaBar[{a, c, d}] + dalphaBar[{a, b, d}] - dalphaBar[{a, b, c}]
1= NCSimplifyRational [ddalphaBar[{1, 2, 3, 4}1]

r13 #x alpha32 ri3+=alpha34 r14s+alphad2 r14 +# alphad3 ri2 s+ r23 s+ alpha3l ri2 =% r23 =+ alpha32 ri12 +=r23 +=alpha3d ri2 +r24 += alphadl
- - + - - + + +
2 2 2 2 6 3 2 6
r12 %% r24 ++ alphad2  r12 ## r24 ++ alphad3  r13 «+ r34 «+ alphadl
| - -
3 2 6

1 1
+ori3aar: * +# alpha21 - Srisesr2a * 4+ alpha21 + Srisesras ! 4+ alpha3l + SriZesr2esritas alphaa2

1
g riZesr2aear * +x alpha32

Figure C.2: Setup for the symbolic discrete 1-forms

We try averaging with the odd and even permutations

dalphaBar0dd[ {a_Integer, b_Integer, c_Integer}]

= (avg = @5 G = Permutations[{a, b, c}]; Alp = Map[dalpha, Permutations[{a, b, c}]]; len = Length[G];
+ Do not forget to pre and post multiply with the matrices to the start and end fiber N

Do[sigma = G[[i]]; sgn = Signature[sigma];

transport = Alp[[i]];

start = sigma[[1]];

transport =

rot[[a]][[start]] += transport;
avg += ((sgn-1)/ (len)) = transport, {i, 1, len}];
avg)

- dalphaBarEven[{a_Integer, b_Integer, c_Integer}] := (avg = 05 G = Permutations[{a, by c}]; Alp = Map[dalpha, Permutations[{a, by c}1]; len = Length[G];
(# Do not forget to pre and post multiply with the matrices to the start and end fiber 111 )
Do[sigma = G[[i]]; sgn = Signature[sigma];

transport = Alp[[i]];

start = signa[[1]];

transport = rot[([a]][[start]] «+ transport;

avg += ({sgn+1) / (len)) » transport, {i, 1, len}];
avg)

NCSimplifyRational [dalphaBarEven[ {1, 2, 3}]]
2alphal2 alphal3  ril2 - alpha2l
) 3 3 3

2r12 - alpha23 ri3--alpha3l rl3--alpha3z rl2 »=r23 .- alpha3l

3 3 3

3
- NCSimplifyRational [dalphaBar0dd([ {1, 2, 3}]]
alphal? 2alphall ril2 -- alphall
3 3 3

12+~ alpha23 rl3 - alpha3l 2rl3--alpha32 1 )
s S s s B S ri3eeras’ oo alphaz

- ddalphaBarodd({a_Integer, b_Integer, c_Integer, d_Integer}]

=rot[[a]][[b]] == dalphaBar0dd[ {b c, d}] - dalphaBar0dd[{a;, c, d}] + dalphaBarOdd[{a, by d}] - dalphaBar0dd[ {a, by c}]
- ddalphaBarEven[ {a_Integer, b_Integer, c_Integer, d_Integer}]

rot[[a]][[b]] ++ dalphaBarEven[{b, c, d}] - dalphaBarEven[{a, c, d}] + dalphaBarEven[ {a, b, d}] - dalphaBarEven[{a, b, c}]
NCSimplifyRational [ddalphaBarEven[ {1, 2, 3, 4}]1]

alphal3 ri12ssalpha24 ri3+salpha32 2ri3s+alpha3d ri4 =« alphad2

r14 ++ alphad3  r12## r23 »#alpha3l  r12++ r23 ++ alpha32
3 3 3 3 3 * 3 - 3 B 3 *
2r12+xr23xxalpha3d rl12 xx r24 xxalphadl r12 ++r24 ++alphad? r12 == r24 == alphad3 ri3 s+ r34 «= alphadl
. . - -
3 3 3

+ = r12 % 123 2 r34 xx alphad2
3 3 3
- NCSimplifyRational [ddalphaBar0dd( {1, 2, 3, 4111

alphal3 r12ssalpha24 2r13ssalpha32 ri3s=alpha3d 2r14 == alphad2
- + - -

2r14+xalphad3  rl2«xr23 s~alphad2 ri12 s r23 +» alpha3a
3 3 3 3 3 * 3 - 3 * 3 *
P12 +x r24 «x alphad2 212 «x r24 «x alphad3 1 . 1 . 1 . 1 .
I 3 - 3 3 ri3wer23t aralphazl- - 14 xr 124 avalphal s S rl4ax 347 e alpha3l- - r22 ax r24xx r34°" s alpha32

Figure C.3: Implementation of the symbolic discrete exterior covariant derivative.
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D Direct Calculation for the Discrete

Exterior Covariant Derivative of
Bundle-Valued 1—-Forms

We want to illustrate here through a direct calculation that the discrete exterior derivative of a dis-
cretized 1—form in the limit converges to the value of the smooth exterior derivative of the contin-
uous 1—form if the discretization of the differential form was carried out in a parallel-propagated
frame field.

In the following, let M be a smooth manifold and 7t: E — M a smooth vector bundle with con-
nection V over M. Let @ € Q' (M, E) be an E—valued differential 1—form. Let 0, = [abc] bea
triangle diffeomorphic to a triangular region s, C M. Further let 05 = [abcd ] an arbitrary tetra-
hedron diffeomorphic to a region s3 C M. As explained in[Section 3.3.2} we will use the image of
the simplicial cells in M to carry out the discretization of . Once this is done, we will just re-
gard this as discrete data available on the simplicial cells. As before, we denote by @, the integral
in a parallel-propagated frame of & on [ab] based in a. We also denote by &, the integral in an
arbitrary local frame of & on [ab] based at a.

Convergence of the PPF-induced Sided Discrete Exterior Covariant Derivative. Itholds
for the second-order approximation of the integral in the parallel-propagated frame that a ), =

(I + “)2“1’ )aab +O(h3). Therefore,
dVa(labc),a) = agy + Roppe — Qe
= (I + %)%b +(I+ wab)(l + %)abc - (I + %)%c +O(h%)
WapAgp WheApe

- Yaclae L o(n3).

=(ap+ap, — ) + —2= 4 oy, +
(aap + ape — age) > ab@be > >

Thus, we obtain

»Va([abc),a)
Wap 1 w 3

= (da)“bc + Taaab + a)ﬂb(aac - aab) + E((‘)ac - wab)(aac - aab) - Tacaac + O(h )

= (da)apc + Taaﬂb - %aac T WapQae — Wap Agp + %aac - %aab - 211 Qe t _2a Agp
W,y Wy

= (A@)gpe + 5 ==L L O(I)

= (da)abc + (w A a)(eabfeac) + O(h3)
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Direct Calculation for the Discrete Exterior Covariant Derivative of
Bundle-Valued 1-Forms

In the notation (w A &)(egp, €,c), we refer to the discretization on edges [ab] and [ac], respectively.
This notation highlights the link to the smooth wedge product: it is as if we evaluate the smooth
wedge product w A a at the point a on the outgoing vectors e, and e, This calculation empha-
sizes the crucial role of discretization in a parallel-propagated frame. Without this frame, only the
term d & would remain. However, with the employed parallel-propagated frame, we can demon-
strate that this approach precisely yields the terms we would expect from the smooth counterpart.

Convergence of the Discrete Algebraic Bianchi Identity. It was shown in [BEHS21] that
2VoVa([abed),a) = QY ([abc), a,c)a .

Thus, two consecutive applications of the sided discrete exterior covariant derivative rely on a sin-
gle stencil for curvature evaluation. As demonstrated in[Section 3.3.3} even when the form a is ob-
tained through integration in a PPF, convergence to the smooth algebraic Bianchi identity under
mesh refinement is not achieved. In the following, we will illustrate through a direct calculation
for 1—forms that the alternation operator provides a remedy. This operator transforms the result-
ing discrete expression into a form that closely resembles the smooth wedge product between the
curvature form and the vector-valued 1—form, up to higher-order terms.

We saw in our numerical tests that we can achieve convergence if we reduce the alternation Alt
of the PPF-induced sided discrete exterior covariant derivative to a subset of the full permutation
group that consists only of the even — or the odd — permutations 7. In this case, the alternation
becomes:

This yields for a 1—form, after simplification with NCAlgebra [HDOS10] on Mathematica,

— 1
hV(Alt) hva([ade]l a) = g((Rac = RapRyc) (eq +acy— 2ac4)
+(RapRpcReq — Rpg) @qp — (RgpRpg — Rog) g + (RgpRpg — RacReg) @)

If we expand this formula, we obtain
»V(ALt) bV a([abed), a)
_ _%(QV([abc], 0, )@y — Aog + Aoy — tog) + QY ([abd], @, d)a g

+ (RapRpe = RaaRac)Rega gy — QY ([abd), a,d)a g + (RgpRpg — RacRea)tas)

= 20" ([abc} 6,6)(@cq + gy~ aea) + 50V, (label, 0, OReqxgy - 30" ([ade] O Reaeeay

_ %QV([abd],a,d)adc ; %QV([abd], o d)ay, - %QV([acd],a,d)ada.

We have seen that the discrete exterior derivative for 1—forms (arising from discretization in a
parallel-propagated frame of asmooth differential form a) generates terms that are of order O(h?),
therefore, they can be ignored to first order. It holds, for instance, that

A — g =R e+ bva([cad],c),
|
€O(h?)
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We obtain

—~ 1 1
dV(Alt) bV a([abed], a) = §QV([abc], a,c)Re e + gﬂv([abc], a,c)Rega gy
1 1
- gﬂv([adc], a,c)Regaqp — gﬂv([abd], a,d)ag.

1 1
+ gQV([abd], a,d)ay, - 5QV([acd], a,d)ay, +O(h*)
1 1 1
= gﬂv([abc], a,c)Ropa g + gﬂv([abc], a,c)Ropapg + EQV([abc], a,c)Rega gy

L0V ((acd), 0 d) @y - age) + 2OV ((abd], 0, d) @y, - age) + O(HY)
3 . 3 . )
:_Rduaah _Rduaac

_ %QV([abc], 0, a)at, + %QV([acd], 0,2ty — %QV([abd],a,a)aac
1
+ gQV([abc], a,¢)(Rep@pg + Regaay) + O(h*).

——————
—QV([cdbl,c,b)ay,

Since the curvature form is a 2—form, we can neglect the last term of the calculation for the con-
vergence analysis since their product is of order O(h*). We are then left with:

bV(ATt)8¥ a([abed),a) = 2 (QV([abc),a,a)ayq + QY ([acd), a,a)a g, — QY ([abd), a, @), |+ O(h)

W[ =

If we use instead the odd permutations
¥ ={o€S, sgn(oc)=-1}

for the alternation of the discrete form, we denote the alternation operator as:

Alt'(a)[xg, ..., x;] = S —Ro,5(0) - a[xa(o),...,xa(k)].

Using Mathematica, NCAlgebra [HDOS1o0] simplifies this expression to

bV (Alt") 2V a([abed], a)

1
=3 (RaaRgc = Rac)acq + (RaaRap — Rap)apg + (RgpRpg — Rag) gy

- (RabRbc - Ruc)abc - (RabRbdec - Rac)acb + (RabRbc - Rac)acd

= 2(RgpRpa = Ryg)age + (RacRep — RagRap) g
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Direct Calculation for the Discrete Exterior Covariant Derivative of
Bundle-Valued 1-Forms

= %(QV([adC],a,C)acu +QY([adb),a,b)ayy + QV([abd),a,d)ay,
_ QV([abc], a,c)ac, — QV([abd]’ a,d)Ry. .y — QV([adc], o, c)ay

+QV([abc),a,¢)acy — 29V ([abd), a,d)a . + QY ([acb], a,b)ay, — QV ([adb), a,b)ay,
1
= g(QV([ach a, C)(aca - acb) + QV([abc], a, b)(acd —Q&cp— Rcbaba)
+QV([abd],a,d)(~Rapapa + eap — Ragcacy — 2aac + Rapap,) |

We again take advantage of the fact that the product of the curvature 2—form and d Vais of order
O(h*) and therefore can be neglected for the analysis of convergence, leading to:

bV (Alt") 2V a([abed], a)

1 1
= __QV([adC]f a,c)Regaqp + —QV([abc], ac) acg—ac )
3 3 . )
_Rcdadu+o(h2)

1
+ gﬂv([ﬂbd]: a,d)(~Rapeeay + aqy — Racetey — 204, + Rgpay,) + O(h*)

1 1
= ——Q"([adc],a,¢)Rea(@n) + = QY ([acb),a,b) RycRegaq,
3 3 . ,
7Rbaaad+0(h4)

_ %QV([abd], 0, d)R e + %Qv([abd],a,d)(—hva([dcb],d) +O(Y
= —%QV([adc], a,a)a,, — QV([acb],a,a)aad + QV([adb], a,a)e,. + O(h4).

We can now take the mean over both subsets of the group. We denote ey, e, €,4 the edges coming
outa and by (egp, €4, €,4) the tetrahedron that is formed by this edges. Any selection of two edges
denotes the triangle formed by these two edges. With this notation, we have

WY a(eap acraa) )= 5 ) 580(0)0 [0 (eap) o eaclla(olead)) + O (Do

U€S3

This is the counterpart to the smooth wedge product between the curvature form and a vector-
valued form. It highlights the importance of the alternation operator in achieving convergence
under refinement. The calculation demonstrates that, with the use of the alternation operator, the
form dVdVa can be brought to a higher order, in the form of a smooth wedge product between
the curvature and a vector-valued form. Without the alternation operator, this simply is not the
case.
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E Convergence Analysis for Endo-
morphism Valued Forms

In this chapter we will demonstrate the convergence proof for the exterior covariant derivative
under refinement. As in the case of discrete E-valued differential forms we will begin to show the
convergence behavior of 3V under refinement. Subsequently we demonstrate that the alternation
can improve the accuracy and finally we will demonstrate that this allows to conclude that avaVv
converges under refinement.

Theorem E.1. Let 7t : E — M be a vector bundle with connection V. Let s = [vy,...,vp1]CM
be a region in M for which there exists a diffeomorphism to a (€ + 1)-simplex o where each point
v; are mapped to an associated vertex w; of 0. Further let f € Qf(M,End(E)) and B be its

discretization defined in In this case we bave

End
Ry, f(dv B)VER, . —0Y B0, wo, wpsy) = O(T) (E.0.1)
S

Proof. As in we are going to denote in the following by o; the {—subsimplex 0; =
[vo,..., Vi,..., Vpy1], where the i—th vertex is omitted. We denote by s; C M the image of g;

under the diffeomorphism. Further let m; C M be the image of (-1 ) 0;, i.c the subsimplex of &
without v; with positive orientation.

If we consider the integral of the covariant exterior derivative in the center based parallel-propagated
frame, we obtain

End
Ry, f(dv ﬂ)V'CS'CSRcs,vM — RUO’CSJ‘((dﬁ)V,cs,CS +(wA ﬁ)v;Cles 4 (_l)deg(ﬁ)‘g A a’)Rcs,vM
S

S
0+1

— R‘l/o,CS j(dﬁ)V,CS:CsRCS’v€+l + 0(h€+3) _ ZRVO,CS J RV’Csﬁ(RV’CS)_l RCS,WH + O(h€+3)
s i=0 i

l
“Rupe | RPBERYT Ry +) Ry, [ ROBREY R,
Mo i=1 m;
+ Rf RVEp(RV) IR, . +O(h)
Mpyy
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If we consider the first term, we can analyze the difference

V,¢s V,c\—1
Rvo,vlﬁ(aiIVDVZH) _Rvo,csj RY~ ﬁ(R ¢ ) RCS,Vg_H

gy

— J RV,‘I/O ﬁRV,V€+1 _ R'l/o,Cs j Rv'csﬁ(RV'CS )—1 Rcs,veﬂ
Mo

My

= J (Ryy 0, RV'1 =R, o RVS)B(RV Vo)L f
my

Mg

We can now apply the argumentation presented in Theoremand argue that

V¢, V,c\—1
Rvo,vlﬁ(UO'vllV€+l) _RVU,CSJ RY* /J)(R ¢ ) RCS,V[+1

My

\% \%
= QVO(VO —Cmy Vo — Cs)/gcm[J [mO] Rcmo,vhl + Rvo,cm0 Qcmo

5~ 555

€O(ht+2) €O(ht+2)
— O(h£+2).

We can argue in the same manner that we have for the last term that

v, V,co\—1
I3(0€+1 » V0, VZ)Rw,vCH - Rvo,cs f RY ﬁ (R CS) RCS,WH
My

\%
= Qvo(VO ~Cmpr V0~ Cs)ﬁcmerl [m€+l ] Rcméﬂ,cSRcS,ng

€O(ht+2)

h€+3)

+ Rvo,cmgﬂ ﬁcmi“ [m€+1 ]QV (Cmgﬂ V41,65 — v€+1) + O(

Cgyy
— O(h€+2 )
For the terms in the middle we obtain

B(oi,vo,ves1) — Rv0,65 J RV,csﬁ(RV,cs )_1 Rcs,vhl

m;

CsrVe+1 )

(Cray = Cs» Cmy = C5)Pe,, [m0] +O(HH)

\% \% 0+2
= Qvo (VO —Cs, Vo — Oy, )/J)cmi Rcmi,vhl - RV(},CSRCS,C,,,i ﬂcmi [mi]Qcmi (sz- — V41, Cm; — Cs) + O(h " )

Alrogether we obtain

=VB(0,v0, vs1) + O(h?)

Cs)Ves1

R‘UO,CS JRV'CstEndﬁ(RV'CS )_1R

S
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Theorem E.2 (Alternation increases accuracy). Let 7@ : E — M be a vector bundle with con-
nection V. Let s = [vg,..., Vg4 1] C M be a region in M for which there exists a diffeomorphism
to a (€ + 1)-simplex o where each point v; is mapped to an associated vertex w; of 0. Further let
p e Qf(M,End(E)) and B be its discretization defined in Equation @ In this case, we
have

Ruye, j(dvﬂﬂvfsfs)zzcsm = ALVRY B(0,v0, v ) +O(H?) = ¥ B0, 00,01 ) +O(H).
° (E.0.2)
Proof. We follow the ideas of Theorem[3.43Jand adapt them to the endomorphism-valued setting.

Recall that the discrete exterior covariant derivative is defined by

dVﬁ([vOI s fv€+l]’ Vo, v€+1)

1 1 +sgn(m) v
= (€+2)! Z (—R‘Uo,vn(o)b ﬁ(n(a)’vﬂ(o)’ vn(€+1))Rvn([H),v[+1

2
7Z€Sé’-v—2
sgn(m)—1 v
+TRVOJ/n(0)b lg(n(a)’vﬂ(o)’vﬂ(€+1))Rvn(ml)rvn(&Rvnw)ﬂ/hl ‘

The additional transport in the second term is required to preserve the discrete Bianchi iden-
tity exactly. For the convergence analysis, however, we compare this expression with the simpler
alternation

1 \%
(€+2)! Z Rvown(mb ﬁ(n(a)'vﬂ(o)’vﬂ(5+1))RVn(e+1),ve+1'

nes€+2

Their difference is

1 sgn(m)—1 v
(€ +2)! Z 7 Rvoﬂ)nw)h B(r(0), vn(o)’vn(g))(RVH(F)'VH(Z—I)Rvn(f—l)rVFH _Rvn(mwm)'

T(ESHZ

0(h€+1) O(hz)

Since the discrete derivative is of order O(h¢*1) and the curvature term that arises as mismatch
of transports is O(h?), the total difference is O(ht+3).

Hence for the accuracy estimate it suffices to analyze the simplified alternation.

Explicit decoupling of the permutation sum.

We now decompose the alternation over the full permutation group by fixing the first and last
vertex.
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Asin Theorem@, we write

AV B(0,vo,v041) = AltVdY B(0, v, ves1)

:€i2€i1%511zszvO'v]~ Z Z ﬁ Z sgn(r)dY p(n(0),vj,v) |R
] K#F]

m=j,k n=j,k,m TES, o
7(0)=j,

(E.0.3)

For a fixed permutation 7t, denote by 7(c)' the simplex obtained by omitting the i-th vertex
in the permuted ordering. Then

Y B(1(0), v, 04) = Ry, 0, B((0)°, Vi, Vi)

14
+ Y (1Y pl(o),vj,m)
i=1
+ (=) B(r(0),vj, vi)Ry, -

Substituting the discretization (cf. Equation (3.3.21)) yields

hvﬁ(T((O')’ vjl vk) = Rvjﬂ/m f vavmﬁ(RV,Vk)—]
m

j

oo+ J RYViB(RV") IR, .
Myiq

Crucially, after this substitution the expression no longer depends on the particular permu-
tation 77, but only on the indices j, k. Therefore the inner permutation sum in Equation (E.o.3))
reduces to a purely combinatorial factor.

Therefore it holds

dYB(o,v,ves1) = AltVDY B(0, v, vp41)

1 1 11
Tl+20+100-1 ;;R%'Vﬁ(
j

VioVes1®

> RWMJ Rv’vﬂfﬁ(RV'”k)‘1+...+J RVVIBRY) R, o [Ry ., +O(HH3),
m

m=j,k nzj,k,m j My

(E.0.4)
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The integral of the continuous exterior covariant derivative amounts to

0+1

End —
Ryo,csﬁdV B Re ., :XRVO,CSJ RVEBRV) TR, +O(H )
S i=0 m;

As in the proof of Theorem|3.43} for a vertex v; we will analyze all contributions for the face oppo-
site to v; of the continuous integral and the discrete expression. We will denote this face (or more
precisely the image of the face in M under the diffeomeorphism) as m;.

We will now analyze the contributions to the error in [Equation E.o.2{ stemming from (*)
in|Equation E.o.4|that come from integration over m,;.

Case i # j, k:

In this case the contributions in (*) are of the form

J‘ RV,V]-/)J(RV,Vk)fl ]
m

i

Therefore the contributions to the error in[Equation E.o.2|are of the form

1 1 r ‘ ) i
st L )Ry [ RSB R < Rup, [ ROBR R
7=0 k=j Jm; "
1 1 0+1 ~
Py BT (e [ R e [ 5
j=0 k=j S m; m;
1 1 {+1 ~
- C+20+1 Z (Rvo,vj RV,Vjﬁ(Rv'Vk)ilek,Wn - RVo;CsRV,CSﬁ(RV’CS)71Rcs,v€+1 )
j=0 k=j S m;
1 1 0+1
RERZS ZZ( |, - Rvo,csRV'*>ﬂ<RV”5>‘1Rwﬂ)
j=0 k=j M
{+1
—1 —1 Vv V)1 V,co\—1
" C+20+1 (RVO’”J'R , j)lg((R )T Ry g, — (RT5) Rcsyvm)
j=0 kej M
1 {+1
“a) ) Ry R =Ry RV TR,
j=0
(1)
1 1 0+1
FTY IS f Ry RVVB((RV) ™ Ry, = (RV4) I Re, )
j=0 k=j ¥ M

(2)
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To simplify (1), we follow the argumentation of the proof of Theoremand can deduce,

0+1
—1 Vr i V, g V, s -1
2L (LKRUO,WR U= Ry e, RV)BRY R
]: 1
1 0+1
=7 ZU ((Rypp, R = RV¥0) = (Ryy ¢ RV = RV"’O))/%(RV'CS>‘1Rcs,vm)
j=0
1 l+1
= g =+ 2 Z(((RV(),V]' Rv]-,Cmi - RVO’sz- ) - (RI)O,CSRCS,Cmi - RVO’CmZ- ))ﬁcmi [mi]RCmircsRCS,V[+1 ) + O(h€+3)
=0
1 0+1
= 75 ) Q@) =0, e, =v0) = Q3 (€ = Vo, eomsg)Bey, [MiIRe, . R, ) + OH)
j=0
1 0+1
= _€ n 2 (Q"YO (v] - Cs; Cmi - v())ﬁcmi [mi]RCm,'fcsRCS,UgH ) + O(h€+3)
j=0
1 {+1
= QXO 0+2 Zv] —Cs, Cmi -7 ﬁc’”i [mi]RCm,'leRCS,U(H + 0(h€+3)
j=0

\% 0+3
= Qvo (Cs —CsyCom; — VO)ﬁcmi [mi]Rc,,,i,csRcs,vhl +O(h"™)

— O(h€+3)

Furthermore, we can simplify (2) to

0+1
11 | ) i
g +2 € +1 ZZJ Rvo'ijVlv]ﬁ ((Rv’vk) 1R’l}k,Vg+1 - (ercs) 1RC5:V€+1 ))
j=0 k=j m;
1 1 0+1
ST L ), R RO RO (R R, = (V) R )
j=0 k=j m;
1 1 0+1
* +2¢+1 ZZJ\ ervoﬂ ((Rv'v}()ilek,Wn - (RV’CS)ilRCS,WH ))
j=0 k=j m;
1 1 {+1
- € + 2 g + 1 Z(Rvo’ijvj’C’"i - Rvo’cmi )ﬁcmi [ml] (Rcmi'VkRVkrvfﬂ - Rcmi'CsRCsvvé’H ))
j=0 k=j N .
€O(h?) €O(ht) €O(h?)
1 1 (+1 - s
] R Be (1] (Rey, e Rupvgss = Re e Resy)) + O(HE*?)
j=0 k=j
1 1 0+1
- g +2 g +1 RVO'Cmi ﬂc”‘i [ml] (Rcmi'vk Rkavlﬂ - Rcmirvl’ﬂ - (RCmirCSRCS’VZ-H - chli'vfﬂ )) + O(h€+3)
j=0 k=j
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1 1 {+1
B K_Z_ZZ YorCm; ﬁc’” ml]( mi(vk = Cmpp Ver1 _Cm,')

j=0 k=j

= QF (6 =y vest = Em,)) + O(H)

+1
1
€+ 2 Z Vo, Cm ﬁcm [ml][ Cm [g_i_l ka CS’v€+1

k+j

+ O(h€+3)

0+1

€+ ) Z V0,Cm; ﬁc,,, [m ]( Cm; ( i ~Cs V41 —le.))+0(h€+3)

0+1

R . QV 1

= Rug,cp, ﬂcmi [m;] o Zcmj —Csy Vo1 —Cm
j=0

= Rvo,c,,,l. ﬂcmi [mi] (QCV"H (Cs —Csy V41 — Cmy; )) + O(hg+3)
— 0(h€+3)’

+ O(h€+3)

where the last equality is due to the fact that in a simplicial (€ + 1)cell, if we take the average of all
centers of all faces, we obtain the center of the cell itself.

Next we analyze the contributions to the error in stemming from (#) in
that come from integration over m; for the case that i = j.

In this case the contributions coming from the face m; are of the form

1 1 _
g_g_zsz[ ¥ o [ 15 ]R
m

j k=j m=#j,k i

We denote in the following { := (€ + 2)(€ + 1)L. The contributions to the error turn into
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== Z Z Z (J vy v Ru;, vaV,vm — RVO’CSRV,CS)/))(RV,CS)—IRCS,WH)

j k=j m=j,k

If we use again the midpoint development, we obtain

7 Z Z Z ( Vo, V VjrVm J\ Rv vmﬁ(RV’Vk)_lekfvhl - RVOrCsRV’CSﬁ(RV’CS )_1RC5rV€+1)

k=#j m=j,k

-7 ZZ Z Vo,Vj V Vm Vnqu RVo vj Comj )ﬂcm [ ] Com; c<R55 V€+1) (E.O.s)

] k=j m=j,k

i Z Z Z, VO Cs Cs Cin; Rvo Vi N, )ﬁCm, [ ] CojoCs Rc U€+1) (E.0.6)

k=j m=j,k

+= Z Z Z Vo, V Vm lecmi )/36,"1. [mi](chzi!vk Rvkrv€+1 - Rcmi’cs Rcs’vf+1 )) + O(h€+3)

j k=j m=j,k
(E.0.7)

Let us analyze the first term[E.o.s] First, notice that

7 ZZ Z Vo, V VirVm vm Cm, RVO vj Cm, )lgcml [ ]( Cm CSRCS’V€+1 )

k=#j m=j,k

=3 : : : vO V VirVm Rvm Cm; RVOIV]' Rvjlcm,' ) ‘BCmi [ml] (Rcm,"cs Rcs’véﬂ - Rcmi'UJJrl )

k#j m=j,k —_——
€O(h?) €O(ht) €O(h?)
I ZZ Z Vo, V ’U Vm vm Cm RVO V m )ﬁcm [ ]( m-’vfﬂ))
j o k=j m=jk
== ZZ Z vo v Vi,V vm Cm; Rvo L )ﬁc,,,l [ ]( Con; V41 )) + O(h€+3)
i k=j m=jk

We are going to use this kind of simplification in the following repeatedly. Since we are in the case
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of i = j, the first term turns into

Z Vo,Vj Z Z Vi,V vm Cim; - cmz)ﬁcm,[ ]( ;s W+1))

k=j m=j,k

:£ZZ D (Y W= v, = )Be,, [1](Re, ) + O
j k=j m=jk
Z [mwzzv’” Oy m

k#j m=jk
Z Con, = V) Cn, —vj) + O(hE+3) = O(hE+3)
j

+ O(h€+3)

1
{+

1
{+

If we analyze the contributions coming from the second term we obtain

I : : : vO C Cs» ml - RVU!V]' Rvj’cmi )ﬁcmi [mi]Rcmi!Cs RCSIV€+1)

j k:r:] m=#j,k

= {+2 Z (RvolCSRCS’CWl RVO Vi Vj,Cn; )ﬁcm’ [ ] CinjsCs RCS,‘U“l)
j
= €+—2 Z(Rvo,csRcs,cmi - Rvo,cmi - (Rvo,ijvj,c,,, vo Cm; ))ﬁcm [ i]Rcmi,csRcS,vml
j
1
= 712 Z(QZ)(CS —V0,Cm; — VO) - QXO(V]' —V0,Cm; — ))ﬁcm [ ] Con; CSRCS veq T O(h€+3)
j

1
= €+_2 Z(QZ)(CS - v]-, Cm,- - vO))ﬁcmi [mi]Rcmi,csRcs,vhl + O(h€+3)
j

1
= QZO Cs — €+—2 Zvjrcmi — 7o ﬁcm [ ] Cim; CSRCS,‘I/gH + O(h€+3)
j
~— ——
=C;

— O(h€+3)

For the third term note that in a first step we can again reduce the sum to an average in the
right multiplication argument. We obtain

Fi ZZ Z Vo, V VirUm Vm le )ﬂcmZ [mi](RCmikaRvkrv[-f—l - RC,,,Z.,CSRCS,Vg_H ))

k#j m=j,k
== ZZ Z Vg, v Vi,V vm Cm; Rvo,cmi )ﬁcm’. [mi](Rc,,,l,,vk Rvk,vﬁl - Rcm Cs Rc Veat ))
j k=j m#jk
+3 ZZ Z Vo, Cm ﬂcml ]( Cm 7/kI{vk Vesl _RcmifcsRCsrvé’H ))
i k=] m=j,k
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h€+4)

Again, we observe that the first term is of order O( . The second term can be simplified to

7 ZZ Z vO ‘U VjsUm vm Cm )ﬁcml [mi](RCmi’kakavhl - RC,,,i,CSRCS,V(+1 ))

k#j m=j,k
=7 ZZ Z Vo, le ﬁcml ]( vk vk Vel - chzircsRcsrvf+1 )) + O(h€+3)
j k=j m=j,k
-7 ZZ Z Vo, C"‘; ﬁc"’; ]( Cm 1k vk Ve+1 - Rcm,'lv[Jrl - (Rcm,stRCS'UJH - Rcmi:véﬂ ))) + O(h€+3)
j k=j m=jk
:— [m;](Q ( Cor Vsl — Cn ) — QY (€5 = Conr Vst — C)) ) + O(HEF3)
vo Con; ﬁcm i Vk = Cm,;» Vo1 m; Coy NS m;r VO+1 m;
j k#j m=#j, k
1
= e 2 2 (Ruve e, IO, (6= e vess =6 )))) + OU)
Jk#j
1
) Z[RVO e e, [mz][ [€+1 kzvk Cor V1 = +O(h)
] #]

= (€j— 2) Z(Rvo;cm ﬁcmi [mz] (chmi (ij —C5, Vps1 — Cmi))) + O(h€+3)

j

Again, using the argument that the average of all centers of all codimension 1 faces of a simplex
is the center of the simplex itself, we obtain that the last term is also of order O(ht*3). The third
case of i = k can be analyzed in the same way and also yields an error of O(h¢*3).

Combining all cases, we conclude that the total error is O(h'+3). O

Theorem E.3 (Convergence of dVdV). Let v : E — M be a vector bundle with connection
V. Let s = [vg,..., V0] C M be a region in M for which there exists a diffeomorphism to a
C—simplex o where each point v; are mapped to an associated vertex w; of 0. Further, let p €
QY(M,End(E)) and B be its discretization defined in Equation . We bave

d¥d¥ B(0,v0,ves1) = Ry e, f(dvdvﬁ)v’CS’CSRcs,vm +O(h). (E.0.8)

Proof. We begin by using the peoperties of the center based PPF. As in the previous proof, we
denote by m; the codimension 1-cell opposite to the vertex v;. We rewrite the right hand side as

RVO,CS J(dvdVﬁ)V,CS;CS RCS,V“Z — R'Uo,CS J-a (dVﬁ)V,Cs;Cs RCS,V[+2 + O(h€+4)
S S

_ ZRVO . j (dvﬁ)v’cs’csRcs,vhz + O(h€+4)
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Now, for a face m; note that the integral of d v fB taken in a center of s based PPF or in a center
of m; based PPF only differ by an error of order O(ht*3). To see that this is the case note that

-1 -1
RVOICSRV,CS(dV/j)(RV’Cs) Rcsrth _J RVU'CSRV,CS (dvﬁ) (RV’CS) RCS’V€+2
m

i S~

J,
€O(ht+1)

= f (Rype RV = Ry, RV )(d"B)(RV) " R,
m

i

i

cO(h?)

-1 -1
+ J‘ Rvorcmi RV’CMi (dvﬁ) ((RV,CS) RC51V€+2 - (Rv,cnli ) Rme"’hZ)
m; ~——
€O(ht+1)

€O(h?)
— O(h€+3)

Furthermore note that for the face m, it holds

Rvo,cm0 J RY:mo (dvﬁ) (RV’CmO )_1Rcmor1}[+2

My

Ve, \Y V,Cmn \—1
- RUO;VI varcmo J\ R "0 (d ﬁ) (R "o ) RCmO;Vngz
o

= J- (RVO’CWO — Rvoﬂfl va,cmo )RV,CmO (dvﬁ) (RV,CmO )_1RCMO,W+2 c O(h€+3).
Mo

cO(h?)

In the same way, for the face m1,, 5, we can show that

V,Cm v V'Cm _1
J RV Cmes (d /5) (RVme2) 'R, oy
Mgy

Ve \Y V,c -1 43
- J R 2 (d /3) (R mé+2) Rcrn€+2rvi+lel’+er€+2 € O(h )
Meyo
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Thus, using the previous theorem, we obtain

Rvorcs J(dVdvﬁ )V’CS,CS Rcs,v“z
s

0+2

- ZRVO,CSJ‘ (dvﬁ)V’cycstermz +O(h€+4)
‘_0 m;
0+2

— Z’Rvo,cmi f RV’C’"i (dVﬁ) (RV,Cmi )_1Rcmi,v€+2 + O(h€+3)
i=0 i

= RVOIUI RV];CmO f RV’CWO (dvﬁ) (ercmo )_1Rcmoivl+2

my
0+1

n Z’RUO’CWZ' f RV -Cm; (dvﬁ) (RV,Cmi )—chmi’U”Z
i=1 m;

1

V., \Y Vil sy -1 0+3
+ Rvolcmhz f R o2 (d ﬁ) (R e2) RCW”;WHRWH:WQ + O(h )
Myyo

{+1

= Ry, d¥B(o0,v1,v0,2) + ) (1) dVB(07,v0,v¢42)
i=1

+(=1)*2dY (0712, v0, ves1)R

=dVdV (0, vp,vp41) + O(HT3)

+ O(h€+3)

Ver1/Ves2

Since the alternation operator does not decrease the order of accuracy, this yields the claim. Note

that as in the vector valued case, we cannot expect that a novel alternation operator would yield a
better order of accuracy then O(ht+3). O
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computationnelle

Résumé : Le calcul extérieur discret (DEC) fournit un
cadre structure-préservant pour la discrétisation des
formes différentielles, en conservant au niveau combi-
natoire des identités fondamentales telles que d> = 0
et le théoréme de Stokes. Toutefois, le DEC classique
se limite aux formes a valeurs scalaires, alors que de
nombreuses théories géométriques et physiques re-
posent sur des formes a valeurs dans un fibré vecto-
riel muni d’'une connexion.

Cette thése étend le DEC au cadre des fibrés vec-
toriels. Dans une premiére partie, nous étudions les
connexions sur les surfaces simpliciales et propo-
sons une version discrete modifiée de la connexion de
Levi-Civita, ainsi qu'une représentation discrete de la
torsion. En exploitant les isomorphismes spécifiques
a la dimension deux entre 2-formes a valeurs tan-
gentes, champs de vecteurs et 1-formes scalaires,

Mots clés : calcul extérieur discret ; fibrés vectoriels ;

Titre : Discrétisation d’'Opérateurs Différentielles basée sur la Géometrie

connexions discrétes ; torsion ; courbure ; géométrie

nous développons une approche cohérente pour ana-
lyser torsion et courbure sur maillage, avec des appli-
cations en conception de champs de directions et en
traitement géométrique.

La seconde partie introduit un cadre général pour
les formes différentielles discretes a valeurs dans
un fibré. Nous formalisons une notion d’intégration
adaptée aux formes fibrées a I'aide des connexions
et des rétractions, ce qui permet d’'induire des co-
chaines discretes a partir de formes lisses. Nous
définissons ensuite une dérivée extérieure covariante
discrete convergente sous raffinement du maillage,
établissons la compatibilité de la courbure discrete
avec la courbure lisse, et montrons que les iden-
tités de Bianchi sont satisfaites exactement au niveau
combinatoire.

computation

Abstract : Discrete Exterior Calculus (DEC) provides
a structure-preserving framework for discretizing diffe-
rential forms while maintaining fundamental identities
such as d?> = 0 and Stokes’ theorem at the combi-
natorial level. However, classical DEC is restricted to
scalar-valued forms, whereas many fundamental geo-
metric and physical theories rely on differential forms
valued in vector bundles equipped with a connection.
This thesis extends DEC to the setting of vector
bundles. In the first part, we study connections on sim-
plicial surfaces and introduce a modified discrete Levi-
Civita connection together with a discrete representa-
tion of torsion. Exploiting the dimension-two isomor-
phisms between tangent-valued 2-forms, vector fields,
and scalar 1-forms, we develop a coherent framework

Title : Geometry Driven Discretization of Differential Operators

Keywords : discrete exterior calculus; vector bundles; discrete connections; torsion; curvature; geometric

to analyze torsion and curvature on meshes, with ap-
plications to direction field design and geometric pro-
cessing.

The second part develops a general framework for
discrete bundle-valued differential forms. We forma-
lize an integration procedure adapted to bundle-
valued forms using connections and retractions, al-
lowing discrete cochains to be induced directly from
smooth forms. Based on this construction, we define
a discrete covariant exterior derivative that converges
under mesh refinement, establish compatibility bet-
ween discrete and smooth curvature, and prove that
the Bianchi identities hold exactly at the combinatorial
level.
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